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Abstract

The main objective of this research is to obtain several analytic and
geometric properties of analytic and multivalent (p-valent) starlike functions
defined in the open unit disk associated with certain linear operator by
introducing certain classes and deriving some properties. In this thesis, a wide
class of problems is investigated. First, Fekete-Szego problems for functions
belonging to some classes of p-valent starlike functions are solved. In
addition, numerous starlikeness and convexity conditions of p-valent
functions are obtained. Finally, certain classes of p-valent starlike functions
with negative coefficients are defined, in obtaining, coefficient bounds,
distortion properties, convolution properties, closure properties, extreme
points, radius of close-to-convexity, radius of starlikeness, radius of

convexity, class-preserving integral operators and integral means inequalities.



Chapter 1

Introduction

The thesis consists of five chapters. The purpose of this chapter is to

give primitive background and motivations for the remaining chapters.

1.1 Review of literature
This section is devoted to give a brief history of review of literature
which deals with the conceptual framework of the present research problem.
The studies reviewed focus on how interest to introduce new classes of
analytic univalent and multivalent (or p-valent) functions and investigate their
properties. Also, what effect of linear operators on functions belonging to
those classes. The review of related literature studied by the researcher is
divided into the following categories:
e  Univalent functions
e  Multivalent functions
e  Coefficients bounds problem
e  Starlikeness and convexity conditions

e Linear operators

1.1.1 Univalent functions

Complex analysis is one of the main branches of mathematics, its roots
back to the beginning of the 19th century [15], [18], [19] and scientists have
taken great interest in it since the discovery of the space of complex numbers,
because it has applications in branches of mathematics and other science. One
may refer to the works papers presented by the most famous mathematicians
such as Euler, Gauss, Riemann, Cauchy, Weierstrass and others.
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The geometric function theory is an old area of complex analysis that
deals with geometric and analytic properties of analytic functions. It was set
as a separately branch of complex analysis in the twenty century. Also, it has
several applications in other areas such as modern mathematical physics,
nonlinear integrable systems theory and the theory of partial differential
equations.

The theory of univalent function in the open unit disk has been
extensively studied in the mathematical literature [15], [18] since the
beginning of the last century and is a classical problem of complex analysis
which belongs to one of the most beautiful subjects in geometric function
theory when appeared the first important paper by Koebe in 1907 on Riemann
mapping theory and conformal mappings, to Gronwall’s proof of the area
Theorem in 1914, and to Bieberbach’s conjecture for the coefficient problem
in 1916 which was solved by Branges in 1985. By then, univalent function
theory was a subject in its own right.

Moreover, to study the properties of a function on a simply connected
domain D, it is so vast and complicated, the most obvious is to replace the
arbitrary domain D by one that is convenient, and the most attractive selection
Is the open unit disk as a domain of definition of univalent function which has
the advantage of simplifying the computations and leading to short and
elegant formulas [15], [18], [19]. Various other terms are used for this
concept (univalent), e.g. simple, or schlicht (the German word for simple).

The geometry theory of functions is mostly concerned with the study of
properties of normalized univalent functions f which belong to the class S
and defined in the open unit disk U. The image domain of U under univalent
function is of interest if it has some nice geometry properties. For example, a
convex domain is an outstanding example of a domain with nice properties.
Another example such domain is starlike with respect to a point. Certain

subclasses of those analytic univalent functions which map U onto these
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geometric domains are introduced and their properties are widely
investigated, for example, the classes K and S* of univalent convex and
univalent starlike functions, respectively. It was observed that both of these
classes are related with each other through classical Alexander type relation
[1] which says f € K if and only if zf' € S*. The special subclasses of these
classes are the classes K(a) and S*(a) of univalent convex and univalent
starlike functions of order @, 0 < a < 1, respectively. If « = 0, the classes of
univalent convex and univalent starlike functions, respectively are obtained.
These classes were first introduced by Robertson [51] and were studied
subsequently by Schild [58], Pinchuk [45], Jack [23] and others.

Also, the classes of univalent convex and univalent starlike functions
are closely related with the class P of analytic functions with positive real
part, many problems are solved by using the properties of this class [21],
[32], [49] and others.

1.1.2 Multivalent functions

The natural generalization of univalent function is p-valent (or
multivalent) function which belongs to the class A(p),p € N and defined in
the open unit disk U. If f is p-valent function with p =1, then f it is
univalent function. Also, the classes K and S* of univalent convex and
univalent starlike functions were extended to the classes K(p) and S*(p) of
p-valent convex and p-valent starlike functions, respectively by Goodman
[17]. The special subclasses of these classes K(p) and S*(p) are the classes
K(p,a) and S*(p, @) of p-valent convex and p-valent starlike functions of
order a,0 < a <p. If a =0, the classes of p-valent convex and p-valent
starlike functions, respectively are obtained. The class K (p, «) was introduced
by Owa [40] and the class S*(p, ) was introduced by Patil and Thakare [44].



Notice that the studies reviewed focus on how interest to introduce new
classes of analytic univalent and p-valent functions and investigate their
properties such as coefficient bounds, distortion properties, extreme points,

radii of starlikeness and convexity and others.

1.1.3 Coefficients bounds problem

In most cases, solutions of differential equations are usually expressed
in series expansion form and it is desired that the series converge. Convergent
of series depend largely on the coefficient of the expansions thus, it is of
interest to research into coefficients bounds.

The famous coefficient problem is the Bieberbach’s conjecture, it states
that if f € S, then |a,,| < n for each n > 2. This conjecture was unsolved for
about 70 years, although it had been proved in several special cases n =
2,3,4,5,6 and many other subclasses of S. In 1916, the first result was given
by Bieberbach for n = 2 which satisfies |a,| < 2. But finally, Louis de
Brages settled it in 1985 [15], [18]. This result was used as an application to
show that if f is univalent and normalized in the open unit disk and the image

domain of U under f must cover the open disk with center at the origin and
radius i. Because of several other applications on coefficient bounds, many

authors have researched coefficient bounds for different subclasses of
univalent and multivalent functions.

The problem of coefficient bounds is one of interesting problems which
was studied by researchers for various classes of starlike and convex (p-valent
starlike and p-valent convex) functions with negative coefficients in the open
unit disk. Closely related to this problem is to determine how large the
modulus of a univalent or p-valent function together with its derivatives can
be in a particular class. Such results, referred to as distortion inequalities
which provide important information about the geometry of functions in that



class. The result which is as inequality is called sharp (best possible or exact)
in sense, that it is impossible to improve the inequality (decrease an upper
bound, or increase a lower bound) under the conditions given and it can be
seen by considering a function such that equality holds. This function is called
extremal function. A function belong to the class of functions is called an
extreme point if it cannot be written as a proper convex combination of two
other members of this class. The radius of starlikeness or convexity problem
for a certain class of functions is to determine the largest disk |z| < r, i.e. the
largest number of r,0 <r <1 such that each function f in the class is
starlike or convex in |z| < r. One may refer to the books by [15], [18], [19]
and [37].

Those problems have attracted many mathematicians involved in
geometric function theory, for example, Silverman [60] introduced and
studied the classes T*(a) and C(a) of starlike and convex functions with
negative coefficients of order a, 0 < a < 1, respectively. These classes were
generalized to the classes T*(p,a) and C(p,a) of p-valent starlike and
convex functions with negative coefficients of order a,0<a<p
respectively, which were introduced by Owa [40], in order to derive the
similar properties above. There are many contributions on connections
between various subclasses of analytic univalent and multivalent functions
were studied by researchers [10], [12], [42], [56], [59], [61], [63] and others.

Moreover, further studies on the generalized families of coefficient
bounds. In 1933, Fekete and Szego obtained the sharp bound of |a; — nas| as
a function of real parameter n for the class S of univalent functions [13]. The
result is sharp in the sense that for each 7 there is a function in the class under
consideration for which the equality holds. This is known as Fekete-Szeg6
inequality or Fekete-Szeg6 problem.

There are several results for this type in literature, each of them dealing

with |a; — na3| for various classes of functions. For example, Ma and Minda
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[32] solved the Fekete-Szegd problem for univalent starlike and convex
functions in the classes S*(¢)and C(¢), respectively, for the univalent
starlike function ¢ (z) with respect to 1 which maps the open unit disk U onto
a region in the right half-plane and symmetric with respect to the real axis
such that ¢(0) = 1 and ¢'(0) > 0. Also, Ravichandran et. al. [49] solved the
Fekete-Szeg0 problem for univalent starlike functions of complex order in the
class S;(¢). The sharp bounds for the functional |ap+2 - r)a,2,+1| have been
solved for generalized class S, ,(¢) of p-valent starlike functions by Ali et.
al. [2]. These results were generalized [8] by making use of the fractional
derivative operator. There are many papers on this problem that can refer to
[26], [48] and others.

1.1.4 Starlikeness and convexity conditions

The problem of sufficient conditions for starlikeness and convexity is
concerning to find conditions under which functions in certain class are
starlike or convex, respectively. There are many works on the sufficient
conditions for starlikeness and convexity of analytic functions, for example,
Ruscheweyh and Sheil-Small [54] obtained many sufficient conditions for
starlikeness and convexity. Also, Silverman [60] obtained the sufficient
conditions for functions to be in the class S*(a) or the class K(a). Further,
Owa and Shen [41] introduced various sufficient conditions for starlikeness
and convexity of univalent functions involving the fractional derivative
operator Q&Z by using results of Silverman [60] and by using results
involving the Hadamard product (or convolution) due to Ruscheweyh and
Sheil-Small [54]. These results were generalized by Raina and Nahar [47] to

obtain useful results that deal with the starlikeness and convexity for the

fractional derivative operator P, *“" of analytic and univalent functions.



Furthermore, there are other results for starlikeness and convexity
conditions have been obtained by Jack’s Lemma and Nonokawa’s Lemma,
for example, Irmak and Piejko [21] investigated some starlikeness and
convexity of certain normalized functions which are analytic and univalent in
the open unit disk.

Moreover, various results were extended by solving this problem for p-
valent functions, for example, Owa [40] proved the sufficient conditions for
analytic and p-valent functions to be in the classes S*(p,a) and K(p, a) for
p €N and 0 < a <p. Also, Amsheri and Zharkova [7] obtained many

sufficient conditions for starlikeness and convexity of p-valent functions

associated with the fractional derivative operator M(’}"Z“’"’p by using known

results for the classes S*(p,a) and K(p,a) due to Owa [40] and by using
results involving the Hadamard product due to Ruscheweyh and Sheil-Small
[54]. There are many other researchers [20], [22], [43] and others who studied

starlikeness and convexity conditions.

1.1.5 Linear operators

The concept of the differentiation operator D = d/dx is familiar to all
who studied the elementary calculus, and for suitable function f, the nth
derivative of f, namely D" f(x) = d™f(x)/dx™ is well defined provided that
n is a positive integer. In 1695, L Hopital inquired of Leibniz what meaning
could be ascribed to D™f if n were a fraction. Since that time the fractional
calculus has drawn the attention of many famous mathematicians, such as
Euler, Laplace, Fourier, Abel, Liouville, Riemann, and Laurent. But it was not
until 1884 that the theory of generalized operators achieved a level in its
development suitable as a point of departure for the modern mathematician.

By then the theory had been extended to include operators DY, where v could



be rational or irrational, positive or negative, real or complex [33]. Thus the
name fractional calculus became somewhat of a misnomer.

The fractional derivative operator has found interesting applications in
the theory of analytic functions as well as other linear operators such as
Sdldgean operator and Al-Oboudi operator have been applied in introducing
various classes of analytic functions and obtaining several properties. For
numerous works on this subject, one may refer to the works which were
studied [3], [7], [8], [11], [16], [22], [27], [31], [39], [41], [47], [48], [49],
[55], [57], [59], [63], [64] and others.

1.2 Research problem
The thesis is organized with solutions to a number of problems. For
example, the following problems are considered:
1. Find the bounds for the functional |ap+2 — 9a12,+1| for p-valent
functions belonging to certain classes?
2. What are the sufficient conditions for starlikeness and convexity of p-
valent functions?
3. How does the series of coefficients influence the geometric and analytic
properties of functions which belong to certain classes of p-valent

starlike functions?

1.3 Research objectives
The main objective of this research is to obtain some geometrical and
analytical properties for certain classes of p-valent starlike functions defined
in the open unit disk by using differential operators. That are
1. To define some classes of p-valent functions and solve Fekete-Szegd

problem for functions belonging to those classes.



2. To find sufficient conditions for p-valent functions to be starlike and
CONVex.

3. To identify some classes of p-valent functions with negative
coefficients and find coefficient bounds, distortion properties,
convolution properties, closure properties, extreme points, radius of
close-to-convexity, radius of starlikeness, radius of convexity, class-

preserving integral operators and integral means inequalities.

1.4 Research methodology

The following analytical methods are proposed to be used to undertake
the research work:
e Subordination between analytic functions.
e Methods arising from the convolution theory.
These methods are also proposed to be used to study theorems and to discuss

the geometric properties of the defined classes.

1.5 Research motivations and outlines

In geometric function theory, the attention to geometrical and analytical
properties for univalent and p-valent functions has been the main interest
among authors. Hence there are many new subclasses and new properties of
univalent and p-valent functions have been introduced. The study of operators
plays a vital role in mathematics. To apply linear operators for univalent and
p-valent functions and then study their properties, is one of the hot areas of
current ongoing research in geometric function theory.

In this thesis, motivated by wide applications of linear operators in the
study of univalent and p-valent functions [3], [7], [8], [11], [16], [22], [27],
[31], [33], [39], [41], [47], [48], [49], [55], [57], [59], [63], [64] and others,

we present a study regarding various properties of some classes of p-valent
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starlike functions such as sharp coefficient bounds, sufficient conditions for
starlikeness and convexity and properties of classes of functions with negative
coefficients.

By studying the theory of univalent and multivalent function and
motivated by the linear operators, chapter 2 deals with the elementary
concepts of univalent functions, multivalent functions and functions with a
positive real part. This chapter also presents some classes of starlike, convex
and close-to-convex (p-valent starlike, p-valent convex and p-valent close-to-
convex) functions in the open unit disk and contains some definitions of linear
operators.

Many authors have solved the classical result of Fekete and Szeg0
las — na3| for various classes of analytic functions, motivated by the works
[2], [8], [13], [26], [32], [48], [49] and others, we form chapter 3, which deals
with Fekete-Szeg6 inequalities for well-known classes of p-valent functions.

Furthermore, a new class of p-valent functions associated with generalized

differential operator N(T”l’”’”’a’p is introduced and Fekete-Szegd inequalities

z
are obtained.

In addition, as a motivation of some works on starlikeness and
convexity conditions due to [7], [20], [21], [22], [41], [43], [47], [54] and
others, we form chapter 4, which leads to give conditions for p-valent

functions and find some new conditions for p-valent functions associated with
the operator N(Tz”l'”’""s’p.

Several classes of univalent functions have been extended to the case of
p-valent functions in obtaining some properties such as coefficient bounds,
distortion properties, convolution properties, closure properties, extreme
points, radius of close-to-convexity, radius of starlikeness, radius of
convexity, class-preserving integral operators and integral means inequalities,
motivated by the studies [10], [12], [40], [42], [56], [59], [60], [61], [63] and

11



others, we form chapter 5, which deals with obtaining the properties of the

well-known class of p-valent functions T*(p, @) and a new class of p-valent

functions defined by the operator Ng;”l'“’""s’p.
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Chapter 2

The elementary concepts of analytic
univalent and multivalent functions

The purpose of this elementary chapter is to review some of the general

principles of Complex Analysis, which underlie the Geometric Function

Theory of complex variable.

2.1 Univalent functions

In this section, some definitions and basic results concerning analytic

and univalent functions in the open unit disk are presented.

Definition 2.1.1 [15], [19], [66]

1.

A domain D is an open connected set in the complex plane C. A domain
is said to be simply connected if its complement is connected.
Geometrically, a simply connected domain is not contained any holes.
A neighborhood of a set D < C is an open subset which contains D in
the complex plane C.

A function is a rule of correspondence between two sets such that there
is a unique element in the second set assigned to each element in the
first set.

A complex-valued function f(z) of a complex variable is differentiable
at a point z, € C if it has a derivative

) = 1im [ =S @)

7>z Z— Zg

A function f(z) is analytic at z, if it is differentiable at z, and every
point in some neighborhood of z,. A function f(z) is analytic on a

13



10.

domain D if it is analytic at all points in D. The function f(z) must
have derivatives of all orders at z,, and that f(z) has a Taylor series

expansion

(00

fD =) az—2)" =

n=0

which converges in some open disk centered at z, .

f(n) (20)

n!

A function f(z) is entire function if it is analytic in the whole complex
plane C.

The open unit disk U is the set of all points z € C of modulus |z] < 1

U={z€eC:|z| <1}

The closed unit disk U is the set of all points z € C of modulus

lz| <1

U={zeC:|z| <1}

The class H (U) is the set of all analytic functions in U.

A function f(z) which is an analytic on a domain D is said to be
univalent there if it does not take the same value twice, that is f(z;) #
f (z,) for all pairs of distinct points z; and z, in D. In other words f(z)
IS one-to-one mapping on D onto another domain.

A function f(z) which is an analytic on a domain D is said to be locally
univalent at a point z, € D if it is univalent in some neighborhood of

z,. It is evident that f(2) is locally univalent at z, provided f'(z,) # 0.

Definition 2.1.2 [12]

1.

The class 4,,, n € N = {1,2,3, ...} is the subset of H (U) consisting of

all functions of the form
f@)=z+a 12" +a,,z2"%+ -, (z€W) (2.1.1)
for n =1, the class A; = A is the subclass of the class H'(U) of

functions of the form
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f2) =z + z a,z", (z € W) (2.1.2)

which are normalized by f(0) = 0 and f'(0) = 1.

The class S is the subclass of the class A consisting of univalent
functions.

The class T is the subclass of the class S which consists of functions
having non-zero coefficients, from the second on, are negative of the

form

oo

f(z) =z— z a,z", (a, =20;z€U) (2.1.3)

n=2

Definition 2.1.3 [65]

The functions f,(z) are called rotations of the function f(z) which belongs to

the class S if for any real number «, the functions £,(z) = e~*f(e'*z) are

also in the class S.
Definition 2.1.4 [41], [43]

1.

The Hadamard product (or convolution) of f(z) € A given by (2.1.2)
and g(z) € A given by

gz)=z+ b,z", (zeU) (2.1.4)
is denoted by (f * g)(z) and defined by
(Frg)(2) =2+ z aybnz™, (z €W (2.1.5)
n=2

The Hadamard product (or convolution) of f(z) € T given by (2.1.3)
and g(z) € T given by

g(z) =2z— Z b,z"™, (b,=20;zeU) (2.1.6)
n=2
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is denoted by (f * g)(z) and defined by

(00

(Fr @ =2=) anbp", (zew

n=2
Example 2.1.5 [15]
The identity function f(z) = z is in the class S.
Example 2.1.6 [15]

The function

f(z) = z —z+zzn, (zeW

1—2z

isin the class S. It maps U onto Re z > —%.

Example 2.1.7 [18]
The Koebe function (z) is in the class S and given by

1//142\2 c
:}C(Z)=(1—Z—Z)2=Z<(1tz> —1>=Z+Zznzn, (ZEU)

(2.1.7)

it maps U one-to-one onto the domain D that consists of the whole complex

plane except for a slit along the half-line (—oo, — %].

1+z 1.2 1
4 z——
1—-2z 4
A /\4 /_\

/

e

Figure 2.1: The Koebe function
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The Koebe function and its rotations, play a very important role in the
study of the class S. They often are the extremal functions for various
problemsin S.

In1916, Bieberbach proved the following theorem [18] about the
estimating the second coefficient a, of a function of class S.

Theorem 2.1.8 (Bieberbach’s Theorem)
If f(z) €S, then |a,| < 2. Equality holds if and only if f(z) is a rotation of
the Koebe function X (2).

The problem known as the "Bieberbach’s conjecture™ has played a
central role in the development of the subject of univalent functions. Many
interesting techniques in geometric function theory were developed to obtain
various partial results on the Bieberbach’s conjecture. The full Bieberbach
conjecture was finally proved in 1985 by De Branges [14].

Theorem 2.1.9 (Bieberbach’s Conjecture)
If f(z) € S, then |a,| < nforall n > 2. If for any n, |a,,| = n, then f(z) is a
rotation of the Keobe function K (2).

The following theorem [46] is another coefficient problem which deals
with the bounds of |a; — a3]|.
Theorem 2.1.10
If f(z) € S, then |a; — a3| < 1.

2.2 Multivalent functions

This section is devoted to present some concepts concerning the
generalized univalent functions in the open unit disk, namely the multivalent
(or p-valent) functions.
Definition 2.2.1 [18]
A function f(z) analytic in the open unit disk U is said to p-valent in U, or
multivalent of order p, (p = 1,2, ...) in U if the equation w = f(z) has never
more than p-solutions in U and there exists some w for which this equation
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has exactly p solutions. For p = 1, the p-valent function f(z) reduces to
univalent function.
Definition 2.2.2 [40]

1. Theclass A(p) is the set of all functions of the form

f(z) =zP + z Ap4nzP ™, peEN;zeU) (2.2.1)
n=1

which are analytic and p-valent in the open unit disk U.
2. The class T'(p) is a subclass of the class A(p) consisting of all p-valent

functions with negative coefficients of the form

0

f(z) =2zF - z ApinzP*,  (apin = 0;pEN;ZzEU) (2.2.2)

n=1

Definition 2.2.3 [7], [40]
1. The Hadamard product of f(z) € A(p) given by (2.2.1) and g(z) €

A(p) given by
g(2) =zP + Z bpin zP*, (peEN;zeU) (2.2.3)

n=1

is denoted by (f * g)(z) and defined by

D@D =2+ Y Gyunbyen 277", PENZEUW  (224)
n=1

2. The Hadamard product of f(z) € T(p) given by (2.2.2) and g(z) €
T (p) given by

g(z) = zP - Z byin zP*",  (bpyn = 0;pEN;ZEU) (2.2.5)
n=1

is denoted by (f * g)(z) and defined by

(e0)

(F D@D =22 =) punbpen 27", (ENZEW  (226)

n=1
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Example 2.2.4 [65]

The p-valent function f(z) = zP, p € N maps U onto U, but ecach image
point (except w = 0) has p different preimages. More picturesquely, f(z) =
zP can be viewed as mapping U in the z-plane univalently onto a spiral-like

surface with p layers (sheets) hovering over U in the w-plane.

2.3 Functions with positive real part

In this section, the concept of subordination between analytic functions
in the complex plane is presented, which was developed by Littlewood [28],
[29] and Rogosinski [52], [53]. Also, the class of all analytic functions with
positive real part is defined. These functions map the open unit disk U onto
right half-plane.

The following classical result, which popularly known as Schwarz’s
Lemma in the literature have been used in defining the subordination
principle.

Schwarz’s Lemma 2.3.1 [37]
Let the function w(z) be analytic in U and let w(0) = 0. If [w(2)| <1 (z €
U) then |w(z)| < |z|. The equality can hold only if w(z) = kz and |k| = 1.
Definition 2.3.2 [19]
The class Q is the set of all analytic functions of the form

w(z) = wyz + wyz? + -, (z€€eU)
such that w(0) = 0 and |w(z)| < 1. In other words, Q consists precisely of
those analytic functions on ‘U which satisfy the hypotheses of the Schwarz’s
Lemma.
Definition 2.3.3 (Subordination principle) [18]
Let the functions f(z) and g(z) be analytic in U. The function f is said to be
subordinate to the function g (written f < g or f(z) < g(z)), if there exists a

Schwarz function w € Q such that f(z) = g(w(z)), z € U. Furthermore, if
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the function g is univalent, then f < g if and only if f£(0) = g(0) and
fU) c g(w.

A

Figure 2.2: The function f is subordinate to the function g

Definition 2.3.4 [18]

The class P is the set of all analytic functions in ‘U of the form

[00]

p(z) =1+ Z cpz™, (zeW (2.3.1)

n=1
which satisfy the conditions p(0) = 1 and Re {p(2)} > 0 (z € U). This class
is usually called the Carathéodory class.
The following example shows that the class P need not to be univalent.
Example 2.3.5 [46]

The function
p(z)=1+2z"€P, (z€W
forany n € N, but if n > 2, this function is not univalent.

Example 2.3.6 [18]

The Mobius function

1+

Z
P(z)=m=1+ZZzn, (z €U)
n=
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this function is in the class P, it is analytic and univalent in U, and it maps U

onto the right half-plane.

4

Figure 2.3: Mobius function

Definition 2.3.7 [18]

Any function p(z) in the class 2 is called a function with positive real part in

1+z

‘U and satisfies p(z) € P ifand only if p(2) < -

Some special subclasses of the class P play an important role in
geometric function theory because of their relations with subclasses of
univalent functions. Many such classes have been introduced and studied
some became the well-known.

Definition 2.3.8 [18]
The class P () is the subclass of the class P of analytic functions p(z) for
which satisfy Re{p(z)} >a,0<a <1 and z € U. A functions p(z) €
P(a) can be written as

p(z) =(1-a)p:(2) +a, (p1(2) € P)
Definition 2.3.9
The class P (A, B) is the subclass of the class P of analytic functions p(z) in
U with p(0) =1 for given arbitrary numbers A, B(-1 <B <A <1), and
satisfy the following condition

1+ Az
1+ Bz

p(z) € P(AB) & p(2) <
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The class P (A, B) was introduced by Janowski [24]. In particular, for special

selections of A and B, we have
1. P(Q1,-1)=°7P
2. P(A-2a —-1)=7P(w), 0<a<l),

3. P(1,0) is the class of functions p(z) defined by |p(2) — 1] < 1.

2.4 Starlike and convex functions

This section is devoted to study the most important subclasses of S,
namely the classes of starlike and convex functions, which are closely related
to the class . Both classes are defined by geometrical considerations, but
both have very useful analytic characterizations.
Definition 2.4.1 [18]
A domain D in C is said to be starlike with respect to a fixed point w, € D if
the closed line segment joining any point w € D to w, lies entirely in D.

A function f(z) € S in U is said to be starlike with respect to w, if U
IS mapped onto a starlike domain with respect to w,. In the special case, when
w, = 0, the function f(z) is said to be starlike with respect to the origin (or
starlike).
The class of all functions of S which are starlike in the open unit disk U is
denoted by S*.

[ \»,_/,A ’ | g
> =

v v

A
v
A
v

Domain is not starlike Domain is starlike
with respect to w, with respect to w,

Figure 2.4: Domain is starlike and domain is not starlike
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The well-known analytical characterization for starlikeness is given as
follows.
Theorem 2.4.2 [15]
If f(z) € S. Then f(z) € S*ifand only if zf'(z)/f(z) € P, that is

zf'(2)
Re{ [0 } > 0, (zeU) (2.4.1)

Definition 2.4.3 [18]
A domain D in C is said to be convex if for all w,;,w, € D, the closed line
segment between w; and w, lies entirely in D. In other words, a domain D is
said to be convex if it is starlike with respect to each of its points.

A function f(z) € S is said to be convex if U is mapped onto a convex
domain.
The class of all functions of S which are convex in the open unit disk U is
denoted by K.

A

A
v

A

y Domain is convex

P
P

" Domain is not convex

Figure 2.5: Domain is convex and domain is not convex

The following well-known analytical characterization for convexity is
presented.
Theorem 2.4.4 [15]
If f(z) € S.Then f(z) e K ifandonlyif 1+ zf"(z)/f'(z) € P, that is

zf" (z)
Re {1 e } > 0, (z € W) (2.4.2)

23



The results given in Theorem 2.4.2 and Theorem 2.4.4 lead to a very
useful and beautiful relationship between the classes S* and K. This
connection was first discovered in 1915 by Alexander [1] and is known as
Alexander’s Theorem.

Theorem 2.4.5

If f(2) € S,then f(2) € K ifandonly if zf'(2) € S*.
Remark 2.4.1

Every convex function is starlike. Then K ¢ §* c S.
Example 2.4.6 [18]

The Koebe function ¥ (z) is starlike but not convex.
Example 2.4.7 [18]

The function
VA
1—2z

f(2) =
IS convex.

The following result gives the relationship between the classes S and P

which is known as Noshiro — Warschawski Theorem.

Theorem 2.4.8 [15]

If f(2) is analytic function in a convex domain D and Re (f'(z)) = 0, then
f(2) isunivalent on D.

In 1936, Robertson [51] introduced the following two subclasses of
starlike and convex functions in the open unit disk, respectively, that are
S*(a) and K (ax).

Definition 2.4.9
A function f(z) € S is said to be starlike function of ordera, 0 < a <1 if

and only if

zf'(2)
Re{ 116 } > a, (zeU) (2.4.3)
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The class of all starlike functions of order @, 0 < a < 1 is denoted by S*(a).
Notice that,
$*(0) = S*
Definition 2.4.10
A function f(z) € S is said to be convex function of ordera, 0 < a <1 if

and only if

zf"(2)
Re {1 + 0 } > q, (zelW) (2.4.4)

The class of all convex functions of order a, 0 < a < 1 is denoted by K(a).
Notice that,

K(0) =K
There is an Alexander type result [60] relating S*(a) and K (a) which
says the function f(z) € K(a) if and only if zf'(z) e S*(a) for0 < a < 1
and z € U.
In 1985, Nasr and Aouf [36] introduced the following subclass of
starlike functions in the open unit disk, that is S;,.
Definition 2.4.11

A function f(z) € S is said to be starlike function of complex order b, b €

€\ {0}, ifand only if Z2 # 0and

Z

Re {1 + % <Zf @) _ 1)} >0, (z €U) (2.4.5)

f(2)
The class of all starlike functions of complex order b, b € C \ {0} is denoted
by S;. Notice that,
SE=8*8_,=5();0<a<1
In 1982, Nasr and Aouf [35] introduced the following subclass of

convex functions in the open unit disk, that is Kj,.
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Definition 2.4.12
A function f(z) € S is said to be convex function of complex order b,b € C\
{0}, if and only if f'(z) # 0 and

Re {1 + lzf—(z)} > 0, (z €U) (2.4.6)

b f'(2)
The class of all convex functions of complex order b, b € C \ {0} is denoted
by K. Notice that,
Ki=K K,_,=K(@);0<5a<1

2.5 Close-to-convex functions

In this section, other well-known subclass of univalent functions in the
open unit disk, namely the close-to-convex functions is considered.

In 1952, Kaplan [25] introduced the class of close-to-convex functions
as follows.
Definition 2.5.1
A function f(z) € S is said to be close-to-convex function if there is a convex
function g such that

Re (@) > 0, (zeU) (2.5.1)
g (2)

An equivalent formulation would involve the existence of a starlike function
h(z) such that

Re (i’:é?) >0, (z € U) (2.5.2)

The class of all close-to-convex functions is denoted by C.

There is a beautiful relationship between close-to-convex functions and
univalent functions given by the following theorem.
Theorem 2.5.2 [15]

Every close-to-convex function is univalent.
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Remark 2.5.1
Every convex function is close-to-convex and every starlike function is close-
to-convex. Thenitisclearthat K c S* c C c S.

In 1956, Reade [50] introduced the following subclass of close-to-
convex functions in the open unit disk, that is C(a).
Definition 2.5.3
A function f(z) € S is said to be close-to-convex function of order a,0 <

a < 1 if there is a convex function g such that

9'(2)
An equivalent formulation would involve the existence of a starlike function
h(z) such that

Re <f’(z)> >a, (z € U) (2.5.3)

zf'(z)
Re( ) ) > q, (zeU) (2.5.4)

The class of all close-to-convex functions of order «,0 < a < 1 is denoted
by C(a). Notice that,
c(0)=c¢

2.6 Multivalent starlike and convex functions

This section is devoted to study the most important subclasses of the
class A(p) of p-valent (or multivalent) functions, namely the classes of p-
valent starlike and p-valent convex functions which were studied by
Goodman [17] and defined as follows.
Definition 2.6.1
A function f(z) € A(p) is said to be p-valent starlike function if and only if

Re {Zf,(z)} >0 (peEN; zEU) (2.6.1)
f(2) ' ’ -
The class of all p-valent starlike functions is denoted by S*(p). Notice that,
S*(1) =S8
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Definition 2.6.2

A function f(z) € A(p) is said to be p-valent convex function if and only if

Re {1 n Zf,”(z)} >0, (p € N;z € U) (2.6.2)
f (2
The class of all p-valent convex functions is denoted by K (p). Notice that
K(1)=K

Patil and Thakare [44] introduced the following subclass of p-valent
starlike functions in the open unit disk, that is S*(p, ).
Definition 2.6.3
A function f(z) € A(p) is said to be p-valent starlike function of order a, 0 <

a < pifand only if

Re {Z]{(S)} > q, (peN; zeU) (2.6.3)

The class of all p-valent starlike functions of order @,0 < a < p is denoted
by $*(p, ). Notice that,
5*(p,0) =S5"(p), S*(1, @) = S™(a), $7(1,0) =5~

Owa [40] introduced the following subclass of p-valent convex

functions in the open unit disk, that is K (p, a).

Definition 2.6.4
A function f(z) € A(p) is said to be p-valent convex function of order a, 0 <

a < pifandonly if

Re {1 + Zf”ﬂ} >a (peEN;ZzEU) (2.6.4)
@)~ ’

The class of all p-valent convex functions of order «,0 < a < p is denoted
by K (p, a). Notice that,

K(,0) =K({p),K(1,a) = K(a), K(1,0) = K
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There is an Alexander type result [40] relating S*(p,a) and K(p, a)
which says the function f(2z) € K(p,«) ifand only if zf'(z)/p € S*(p, a) for
0<a<p,peNandzeU.

The following subclass of p-valent starlike functions in the open unit
disk, that is S;, ,, was given by El Ashwah [16] as follows.

Definition 2.6.5

A function f(z) € A(p) is said to be p-valent starlike function of complex

order b, b € C\ {0}, if and only if 2 % 0 and

V4

R {1+l<zf’(z)—1>}>o (p€N;z €U) 2.6.5
U \of@ - el (6:5)

The class of all p-valent starlike functions of complex order b,b € C \ {0} is
denoted by Sj, ,,. Notice that,
Spa = Sp S11 =85"
Aouf [9] introduced the following subclass of p-valent convex functions
in the open unit disk, that is K}, ,,.
Definition 2.6.6
A function f(z) € A(p) is said to be p-valent convex function of complex
order b,b € C\ {0}, ifand only if f'(z) #+ 0 and
Re{1—1+i<1+ﬁ>}>0, (peN;zEW) (2.6.6)
b bp f'(2)
The class of all p-valent convex functions of complex order b,b € C \ {0} is
denoted by K}, ,,. Notice that,
Kp1 =Kp, K11 =K

2.7 Multivalent close-to-convex functions

In this section, other well-known subclass of p-valent functions in the

open unit disk, namely the close-to-convex functions is defined.
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Livingston [30] defined the class of p-valent close-to-convex functions
as follows.
Definition 2.7.1
A function f(z) € A(p) is said to be p-valent close-to-convex function if

there is a convex function g(z) such that

f'(2) _
Re <g,(z)> >0, (peEN;zeU) (2.7.1)

An equivalent formulation would involve the existence of a starlike function
h(z) such that

zf'(2) |
Re( hD) ) >0 peEN;zeU) (2.7.2)

The class of all p-valent close-to-convex functions is denoted by C(p). Notice
that,

c(l)=2¢c
Also, Mishra and Sahu [34] introduced the following subclass of p-
valent close-to-convex functions in the open unit disk, that is C(p, a).
Definition 2.7.2

A function f(z) € A(p) is said to be p-valent close-to-convex function of

order a, 0 < a < p if there is a convex function g(z) such that

Re (gég) > q, (peN;zeU) (2.7.3)

An equivalent formulation would involve the existence of a starlike function
h(z) such that

Re <Z£é§)) > a, peEN;zeU) (2.7.4)

The class of all p-valent close-to-convex functions of order ¢,0 < a <p is
denoted by C(p, @). Notice that,
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C(p,0) =C(p),C(1,a) = C(a),C(1,0) = C

2.8 Linear operators
In this section, the definitions of certain known differential and integral

operators are introduced, which will be required in later sections.

2.8.1 Salagean differential operators

In 1983, Silagean [55] defined and studied the following differential
operator for f(z) € A.
Definition 2.8.1.1
For f(z) € Aand m € N, = N U {0}, the differential operator D™ : A - A is
defined by

D°f(2) = f(2)
D'f(2) = Df (2) = zf'(2)

and (in general)

D™f(z) = D(D™'f(2))

(0.0)

=z+ z n"a,z", (zeU) (2.8.1.1)

n=2
Motivated essentially by Sialiagean [55], the p-valent Sildgean
differential operator for f(z) € A(p) was given by Shenan et. al. [59] as
follows.
Definition 2.8.1.2
For f(z) € A(p),m € Ny andp € N, the differential operator D;* : A(p) —
A(p) is defined by

Dpf(2) = f(2)

1
Dpf(2) = Dpf(2) = Ezf '(2)
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and (in general)

Dp'f(2) = Dy(Dp'~*f (2))

c +n\™
=zP + z (p > ) apnzP™,  (z€U) (28.1.2)
n=1

Notice that,
D"f(z) = D™f(2)

2.8.2 Al-Oboudi differential operators

In 2004, Al-Oboudi [3] defined and studied the following differential
operator for f(z) € A.
Definition 2.8.2.1

For f(z) e Am e Nyand§ = 0, the differential operator D'{ : A - A is
defined by

Dsf(z) = f(2)
Dsf(2) = Dsf(2) = (1 — 8)f (2) + 6zf'(2)

and (in general)
§f(2) =Ds(DF ' f(2))
— 7+ z (14 (n—1)6]ma,z", (€U (2821)

Notice that,
DI*f(z) =D™f(z)

Motivated essentially by Al-Oboudi [3], the p-valent Al-Oboudi
differential operator for f(z) € A(p) was defined by Aouf [10] as follows.
Definition 2.8.2.2
For f(z) e A(p), meN,, 6 =0 and p € N, the differential operator
Dg’, : A(p) — A(p) is defined by
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Dspf(2) = f(2)
)
D pf(2) = Dspf (2) = (1 = 8)f(2) + ;Zf '(2)

and (in general)

DF,f(2) = Ds (D5 ' f(2))

> p+ o\
=zP + z (p > ) apnzP*,  (z€U) (2.822)

n=1

Notice that,
D% f(2) = Dp*f(2), D5y f(z) = D5 f (2)

2.8.3 Fractional derivative operators

The following fractional derivative operators D¢, f(z) and ](’};"" f(2)
were given by Owa [39] and Raina and Nahar [47], respectively.
Definition 2.8.3.1
Let 0 < A < 1, the fractional derivative operator of order A is defined by

1 d (" f©
rA—A)dz), (z— &)

D¢.f(2) = dé (2.8.3.1)

where f(z) is analytic function in a simply-connected region of the z-plane
containing the origin, and the multiplicity of (z—&)~* is removed by
requiring log(z — &) to be real when z — & > 0.

Definition 2.8.3.2 [62]

The Gauss hypergeometric function is denoted by ,F;(a, b, c; z) and defined
by

[}

oFi(a,b,c; z) = z Mz", (zeUW

L~ (@0

where (1), is the Pochhammer symbol given in terms of the Gamma

function T by
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(A)nzF(/Hn)_{l, n=0,

ray @A+ 1@R+2)..(A+n-1), neN.

forA#0,-1,-2,...
Definition 2.8.3.3
Let 0<A<1, and u,m € R. Then, in terms of the familiar Gauss’s

hypergeometric function ,F;, the generalized fractional derivative operator

61;“7 is
AL, _ d ZA_M

]0,;nf(z) = E(F(l D X

f (Z - 5)_/1f(5) 2F1 (,Ll o m, 1-41- g) df) (2832)
0

where f(z) is analytic function in a simply-connected region of the z-plane
containing the origin, with the order f(z) = 0(|z|?), z = 0, where ¢ >
max{0,u —n} — 1 and the multiplicity of (z — &)~ is removed requiring
log(z — &) to be real whenz — & > 0.

Owa and Srivastava [43] defined the fractional derivative operator by
making use of the operator D¢, f(z) given by (2.8.3.1) for f(z) € A as
follows.

Definition 2.8.3.4
For f(z) € A and 0 < 1 < 1, the fractional derivative operator Qf ,f(z) is
defined by

03.f(2) = T2~ 2) 2" D§,f (2)

F(n+ 12 = 2)
+Z T+ 1-2)

a,z", (zeU) (2.83.3)

n=2

where D¢, f(z) is given by (2.8.3.1). Notice that,

00.f(2) = f(2), % .f (2) = zf'(2)
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Motivated by Owa and Srivastava [43] and by making use of the
operator ]{}"Z“'" f(2) given by (2.8.3.2), Raina and Nahar [47] introduced the

generalized fractional derivative operator for f(z) € A as follows.
Definition 2.8.3.5
For f(z) € A, A= 0, u < 2andn >max(4,u) — 2, the fractional derivative

operator PO’};”’" f(2) is defined by
r2-wr@-21+n)
r2—-p+n)

— (2)y (2 — 1),
ot S B C bt ey ey (2834

- C-—wWn-1C—2+M)n

P (2) = 243 f (2)

where ]OZ " £(z) is given by (2.8.3.2). Notice that,

Py f(2) = QL f(2)

Motivated essentially by the above works, a more general fractional
derivative operator was studied by Amsheri and Zharkova [7], [8] for
f(2) € A(p) as follows.

Definition 2.8.3.6
For f(z) e A(p),A=20,u<p+1,n>max(4,u)—p—1and p €N, the

fractional derivative operator M&’f’"’p f(2) is defined by

Tp+1—-wWl(p+1—-21+n)
Tp+DI(p+1—pu+n)

Myt P f(2) = 244" f ()

=zP + Z V(A 1,1, 0)0p 40 2P, (zeU) (2.8.3.5)

where ]O 1 £ (2) is given by (2.8.3.2) and

_ (p+Dpp+1—p+n)y
AP = Tyt 1i—ary, . eV (2830

Notice that,
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M E(2) = P2 ) Mo " f(2) = £(2) and My P f(7) = L2

Very recently, Zayed et. al. [64] defined and studied the generalized
differential operator N, LNSP () for f(z) € A(p) based on Al-Oboudi

differential operator and fractional derivative operator as follows.
Definition 2.8.3.7
Forf(z) e A(p), m €Ny, A >0, u<p+1,n>max(4,u)—p—1,6 =0,

z€U, peN and M’““”’f(z) is given by (2.8.3.5), the generalized
differential operator N(TZ'A’“’""S'p f(2) is defined by
Noz""OPf(2) = Mt P f(2)

Noy "7 f(2) = No ™7 f (2)

VA
= (1= OMI"F(2) + 55( IIO)]

- p+dn
=zP + Z ( D )Vn(/l,.ll, n, p)ap+nzp+n

n=1

and (in general)

ﬂ,u.n,&p f(z) = /1 u n,6,p ( Nglz—l,/l,u,n,&p F(2)
p+ én\™"
=zP + z ( p ) yn(/lr wn, p)ap+nzp+n
n=1

(2.8.3.7)

Similarly, for f(z) € T(p), we can write Nﬁ’l’“’""s’p f(2) in the form

A, > p+ S\
N0z HIOP £(7) = Zp—z< ’ ) Va4 1, 0)ApnZP™™,  (Apsn = 0)

n=1
(2.8.3.8)
where y,, (4, u,n, p) is given by (2.8.3.6). Notice that,

A,u,n,0, A, ,0,0n,6,
Ny MOP £ (2) = My 2P £ (2), Nyy " *"°P £ (2) = DT f (2)
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NG OMOP £ (2) = F(2), N 107 f(z) = L2
From (2.8.3.7), we have

Au,n,6, A 6, Aun,6,
2(NJIOP £ (2)) = (p — NI IOR £ () 4 AR £ ()

(2.8.3.9)

2.8.4 Integral operators

The following integral operator ]C(f(z)) for f(z) € A was introduced
by Bernardi [11] and known as Bernardi-Libera-Livingston integral operator.
It generalizes the integral operator due to Libera [27] and Livingston [31].
Definition 2.8.4.1
For f(2z) € Aand ¢ > —1, the integral operator /.(f(z)) is defined by

V4

1
J(f(2) = . +C tf(t) dt

0

_ +i(c+1) n (z € W) 2.8.4.1
=z C+nanz, Z (2.8.4.1)

n=2

Motivated essentially by the above works, Saitoh et. al. [57] introduced
the generalized Bernardi-Libera-Livingston integral operator ]C,p(f (z)) for
f(2) € A(p) as follows.

Definition 2.8.4.2
For f(z) € A(p), ¢ > —p and p € N, the integral operator ]C,p(f(z)) IS
defined by

Z

Jen(F @) =2 [ e p @y a

= c+
=zP + z (_p) Apin 2P, (zeWw (2.8.4.2)
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Chapter 3

Fekete-Szego inequalities for certain

classes of analytic functions

The main objective of this chapter is to obtain coefficient bounds for
the functional |aerZ — 9a§+1| of functions belonging to certain classes of

analytic and p-valent functions defined in the open unit disk which

generalized the concept of starlike functions.

3.1 Introduction and preliminaries
Let P is the class of all analytic functions with a positive real part in the

open unit disk defined by

p(z) =1+ z cnz"
n=1

with p(0) =1 and Rep(z) >0, z€ U. It is well-known that |c,| <2
(n=12,..) [46].
In 1933, Fekete and Szegd obtained the sharp bound for |a; — na3| as

a function of the real parameter n and proved that
|a3—r)a§|S1+2exp(—12Tnn), 0<n<1)
for functions in the class S [13]. Later, the problem of finding sharp bound for
the functional |a; — na3| of any compact family of functions f(z) € 4 is
known as the Fekete-Szegd problem or inequality.
In 1994, Ma and Minda [32] gave an unified treatment of various

subclasses consisting of starlike and convex functions for which either the
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quantity zf'(z)/f(z) or 1+ zf"(z)/f'(z) is subordinate to a more general
superordinate function which defined as follows.

Definition 3.1.1

Let ¢(z) be an univalent starlike function with respect to 1 which maps the
open unit disk U onto a region in the right half-plane and symmetric with
respect to the real axis such that ¢(0) =1 and ¢'(0) > 0. A function
f(z) € Sissaid to be in the class S*(¢) if

zf'(2)

0 < ¢(2), (zeU) (3.1.1)
and C(¢) be the class of functions f(z) € S for which
zf"(2)
1+ 20 < ¢(2), (z€eU) (3.1.2)

A function f(z) € S*(¢) is said to be starlike with respect to the function ¢,
and a function f(z) € C(¢) is said to be convex with respect to the function
b.

For these classes, the estimates for the first few coefficients and Fekete-
Szeg0 inequalities have been obtained [32].

Following Ma and Minda [32], Ravichandran et. al. [49] defined a
more general classes related to the classes of starlike and convex functions of
complex order as follows.

Definition 3.1.2
Let ¢(z) be an univalent starlike function with respect to 1 which maps the
open unit disk U onto a region in the right half-plane and symmetric with
respect to the real axis such that ¢(0) =1 and ¢'(0) > 0. A function
f(z) € Ais said to be in the class S, (¢) if

1 (2f'(2)

E( f@ -

and C, (¢) be the class of functions f(z) € A for which

1+

1) < ¢(2), (zelU) (3.1.3)
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12f"(2)
b '@

1+ < ¢(2), (zeU) (3.1.4)

where b € C\{0}.

Notice that, for b = 1, the class S;(¢) is the class S*(¢) and the class
C,(¢) is the class C(¢).

For the classes S;(¢) and C,(¢), the necessary and sufficient
conditions for functions to belong to these classes and Fekete-Szeg6
inequalities have been obtained [49].

In this chapter, motivated by a-fore-mentioned works and by linear
operators which were studied by [8], [48] and others, Fekete-Szeg6
inequalities for well-known classes of p-valent functions are obtained.
Furthermore, a new class of p-valent functions associated with generalized
differential operator is introduced and Fekete-Szeg06 inequalities are obtained.

Now, in order to prove the results in the current chapter, the following
lemma given by Ali et. al. [2] is needed.

Lemma 3.1.3
If w(z) € Q, then

—t, t<-1,
t, t =1,

when t < —1 or t > 1, the equality holds if and only if w(z) = z or one of its

rotations. If —1 < t < 1, then equality holds if and only if w(z) = z2 or one

Atz
142z’

0<

of its rotations. Equality holds for t = —1 if and only if w(z) = z

A <1 or one of its rotations, while for t = 1, the equality holds if and only

Atz
142z’

if w(iz) =-z 0 <A <1 or one of its rotations. Although the above
upper bound is sharp, it can be improved as follows when —1 < t < 1:
lw, —twi|+ (t+ Dwy|? <1, (-1<t<0)

and
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lw, —twi| + (1 —t)|wy|? < 1, O<t<1)
Further, the following lemma given by Keogh and Merkes [26] is
needed as well.
Lemma 3.1.4

If w(z) € Q, then for any complex number ¢,
lw, — tw{| < max(1, |¢])

The result is sharp for the functions w(z) = z or w(z) = z2.

3.2 Certain class of p-valent functions

In 2007, Ali et. al. [2] extended the classes S*(¢) and C(¢) of
univalent functions which were introduced by Ma and Minda [32] as well as
the classes S, (¢) and C,(¢) of univalent functions of complex order which
were defined by Ravichandran et. al. [49] to more general classes of p-valent
functions in order to obtain Fekete-Szeg0 inequalities. Authors [2] have
defined the class S, ,(¢) of p-valent functions of complex order with respect
to the function ¢ as follows.
Definition 3.2.1
Let ¢(z) be an univalent starlike function with respect to 1 which maps the
open unit disk U onto a region in the right half-plane and symmetric with
respect to the real axis such that ¢(0) =1 and ¢'(0) > 0. A function
f(z) € A(p) is said to be in the class S, ,,(¢) if
1 (2f'(2)
E(pf(z) -
where b € C\{0} and p € N. Further, let S ,,(¢) = S;(¢).

1+ 1) < ¢(2), (zeU) (3.2.1)

It may be noted that the class S, (¢p) extends the class of starlike

functions for suitable choice of b and p. In particular, for p = 1, the a-fore-

mentioned class reduces to the class S, (¢) which was introduced and studied
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by Ravichandran et. al. [49]. Forb =1 and p = 1, it reduces to the class

S*(¢) which was introduced by Ma and Minda [32].

Now, by making use of the Lemma 3.1.3 and Lemma 3.1.4, the

coefficient bounds for functions belonging to the class S;(¢) according to Al

et. al. [2] are obtained as follows.

Theorem 3.2.2
Let ¢(z) =1+ B,z + B,z*> + ---, where B,, are real with B, >0, B, >0,
and
B, — By + pB?
0-1 - 2 )
2pBf
B, + B, + pB?
0-2 == 2 2 )
pBf
B, + PB12
03 = —————.
> 2pB?

If f(z) € A(p) belongs to S, (¢), then

2 (B, + (1 - 20)pB)), 0 <o,

B
laps2 — 0adi,| <5 % o, < 6 < oy,
|~ 5 (B, + (1 -20)pB), 020,

Further, if o, < 6 < g3, then

1 B, pB4
|ap+2 — 9a22,+1| + m(l — 3_1 + (20 — 1)pBl> |ap+1| 2 < -
If O3 < 7} < 05, then

1 B, pB;
|Clp+2 - 9a22,+1| + E(l + B_1 - (29 - l)pBl) |ap+1| 2 < T

For any complex number 6,
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2 pB; B,
|ap+2 - Hap+1| < — max {1, B, + (1 —20)pB; } (3.2.5)
1
The results are sharp.
Proof
If f(z) € S;(¢), then there is a Schwarz function
w(z) =wyz + wyz? + - € Q
such that
zf'(z)
= ¢p(w(z 3.2.6
oy = P(w@) (3.2.6)
since
zf'(z) 1 1
=14+—ay1z+—|2a,,, —a’,1|z% + -
pf(2) p o1 T 294z =y
we have from (3.2.6),
ap+1 ES p B1W1 (327)
and
1
Ap+2 = P {pB1w, + p(B, + pBf)w{} (3.2.8)

Using (3.2.7) and (3.2.8), we have

pB;y

Ap+2 — 9a129+1 =T {w, —vwf}

where

B,
v=p(26 - 1)B, g
1

The result (3.2.2)-(3.2.4) are established by an application of Lemma 3.1.3
and the inequality (3.2.5) by Lemma 3.1.4. To show that the bounds in
(3.2.2)-(3.2.4) are sharp, we define the functions K, (n = 2,3,...) by
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2K (2)
Pqun (Z)

and the functions F,, G, (0 <r < 1) defined by

= p(z"Y), (Kgn(0) = (Kgn) (0) = 1=10)

zF(z) (z(z + r)>’

pF.(z2) "\ 1+rz (F(0)=FE'(0)—1=0)

and

26/(2) _ (_Z(Z * ”), (G,(0) = G,'(0) =1 =0)

pG.(z) 147z
clearly the functions Ky, F., G, € S;(¢). If 6 <oy or 6 > og,, then the
equality holds if and only if f is Ky, or one of its rotations. If o; < 6 < o,
then the equality holds if and only if f is Ky or one of its rotations. If 6 =
o1, then the equality holds if and only if f is E. or one of its rotations. If
6 = a,, then the equality holds if and only if f is G,- or one of its rotations.
Remark 3.2.1
Letting p = 1 in Theorem 3.2.2, the following result due to Ma and Minda
[32] is obtained.
Corollary 3.2.3
Let ¢(z) =1+ B,z + B,z*> + ---, where B, are real with B; >0, B, >0,

and
_ BZ - Bl + B12
T T ez
B, + B; + B?
%2 =T R

If f(z) € S belongs to S*(¢), then
( B, +(1—286)B?

2 ) Hso-ll
2| < Bl
las — Baz| < A - o, <0 <oy, (3.2.9)
B, + (1 — 2 6)B?
k_ 2 ( 2 ) 1' 6202,
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3.3 Certain class of p-valent functions associated with

fractional derivative operator

This section refers to some applications of the generalized fractional
derivative operator M’“”’pf(z) defined by (2.8.3.5) in order to obtain
Fekete-Szeg0 inequalities. In 2012, Amsheri and Zharkova [8] extended the
classes Sp,,,(¢) [2], Sp(¢p) [49] and S*(¢) [32] to more general class of p-
valent functions of complex order associated with the operator Mé’z”‘"‘p f(2).
Authors [8] have defined the class S, ;,,(¢) of p-valent functions of

complex order with respect to the function ¢ as follows.

Definition 3.3.1

Let ¢(z) be an univalent starlike function with respect to 1 which maps the
open unit disk U onto a region in the right half-plane and symmetric with
respect to the real axis such that ¢(0) =1 and ¢'(0) > 0. A function
f(z) € A(p) is said to be in the class S ,, ; ,, , (P) If

1 (Mg;-l,ﬂ+1,7’]+1,pf(z)

S\ T )

b
where A1 >0, u<p+1,n>max(4L,u) —p—1, beC\{0} and p €N,
Further, let Sip,a,u,n (p) = S;,M,n ().

The above class Sj, ,, ; , »(¢) is of special interest and it contains many

— 1> <¢p(z), (zeW (3.3.1)

well-known classes of analytic functions. In particular, for b=p =1
and A = u =0, the a-fore-mentioned class reduces to the class S* (¢) which
was investigated by Ma and Minda [32]. For p = 1 and A = u =0, it reduces
to the class S;, (¢) which was studied by Ravichandran et. al. [49]. For b = 1
and A = u =0, it reduces to the class S;(¢) which was studied by Ali et. al.

12].
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Now, by making use of Lemma 3.1.3 and Lemma 3.1.4, the coefficient
bounds for functions belonging to the class S, ; , ,(¢) according to Amsheri
and Zharkova [8] are obtained as follows.

Theorem 3.3.2
Let0<60<1,A=20,u<p+1,n>max(4,u) —p—1and p € N. Further,
let $(z) =1+ B;z+ B,z*+ -+, where B, are real with B; >0, B, = 0,

and
(B, — By + (p — w)BEy?
0, = 2
2y,Bi (p — )
(B, + By + (p — w)BEy?
0, = 2
2y,Bi (p — )
. _Bayi + (- wBiyi
3 2y,B2(p — 1)

If (z) € A(p) belongs to S, ; , ,(¢), then

((p— — 1) (2y,0 — yf
(- 1) <Bz (= ’: yl)Bf), o<,
2y, 141
—u)B
Apz — 9a22,+1| <V M, 01 <0 < oy,
2y,
—~ — W) (2,0 — y2
@ u)(Bz_(p 1( k V1)Blz>, 6>,
L 2); 61
(3.3.2)
Further, if o, < 6 < g3, then
2
V1
Ay, —0a, |+
| pr2 p+1| 2y,B1(p — 1)
B,  (p—w(2y,0 —v{) (p — B,
x[1—==2 B 2<—— 3.3.3
< B1 + V12 1 |ap+1| — 2]/2 ( )

If 03 < 6 < 0, then
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Yt

|ap+2 - 9‘1;2)+1| +

2y,B1(p — )
B, (»—w(2y20—v{) (p — B,
x(14+=2— B 2 . P WB; 24
( +B1 %4 ! |ap+1| VA (3.34)

For any complex number 6,

(p — By (p — W (2y20 —v7{) B,
— 0a? < — 1, B, — =
|ap+2 ap+1| = 27, max )/12 1 B,
(3.3.5)
The results are sharp.
Proof
If f(2) € S 1 ., (), then there is a Schwarz function
w(z) = wiz+wyz?+ - €Q
such that
A+Lu+1n+1p
M, f(2)
o = p(w(2)) (3.3.6)
MO,Z f(Z)
since
A+1,u+1n+1,p
MOZ f(Z) Y1 1
) =14+—a.,z+ [2]/61 _yzaz ]ZZ
Aun, — p+1 — 2Up+2 1%p+1
Moy f (2) p—H p—u
we have from (3.3.6)
(p — Ww
aps = ———— L B, (3.3.7)
1
and
(»—w)
vz =5 = {Biw, + (B, + (p — WBY)wi} (3.3.8)
2

Therefore, we have
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(p — 1By 2
Apsz — 05, = 2—]/2 {w, —vwi’}
where
_®-wBiQ2y0—vi) B,
V12 B,
The results (3.3.2)-(3.3.4) are established by an application of Lemma 3.1.3

and inequality (3.3.5) by Lemma 3.1.4. To show that the bounds in (3.3.2)-

(3.3.4) are sharp, we define the functions K, (z) (n = 2,3, ...) by

A+1Lu+1n+1,p
A4Oz ICﬁn(Z)

Myt Kgn(2)

= ¢(z" ), (qun(o) = (qun)’(o) —1= 0)

and the functions ., G, (0 < r < 1) defined by

A+1, , ,
MO'?”H"HPFT(Z) _ ¢ <z(z + r))

(F.(0) =F((0)—-1=0)
Aumn, T T
MO;WPFT(Z) 1+rz

and

A+Lu+1n+1p
Mg, G, (2) _ (_ z(z + 7‘)) (G,(0) = G.(0) — 1 = 0)

A,
MO;WPGT(Z) 1+rz
respectively, it is clear that the functions Ky,, F. and G, belong to the class

Spaun(@)-1f 6 <y or 8 > o, then the equality holds if and only if f is

K4, or one of its rotations. If o; < 6 < a,, the equality holds if and only if f
is Ky3 or one of its rotations. If & = oy, then the equality holds if and only if
f is E. or one of its rotations. If 8 = o, then the equality holds if and only if
f is G, or one of its rotations.

Remark 3.3.1

By taking A = 4 = 0 in Theorem 3.3.2, Theorem 3.2.2 due to Ail et. al. [2] is
obtained.

Remark 3.3.2

By taking A = u = 0and p = 1 in Theorem 3.3.2, Corollary 3.2.3 due to Ma
and Minda [32] is obtained.
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In the similar manner, the coefficient bound for |a,,, — 6aZ,| of
functions in the class Sy, ,, ; , » (¢) [8] is given as follows.
Theorem 3.3.3
Let0<60<1,A=20,u<p+1,n>max(4,u) —p—1,p € N. Further, let
¢(z) =1+ B,z + B,z* + ---, where B, are real with B; > 0 and B, = 0. If
f(z) € A(p) belongs to S, ; (), then for any complex number 6, we

have

) . B

(p —w)Ib|B, (p — Wb2y,0 —v{
lapsz — 0ai4| < max 1, > L B,
i

2y,

The result is sharp.
Remark 3.3.3
By taking A =u =0 and p =1 in Theorem 3.3.3, the corresponding result

due to Ravichandran et. al. [49] is obtained.

3.4 Certain class of p-valent functions associated with

generalized differential operator

Motivated by the a-fore-mentioned works in the current chapter, a new

12427 4210 ¥l

with generalized differential operator Ngf;l'“'”"w f(2) defined by (2.8.3.7) is
introduced and Fekete-Szegd inequalities are obtained according to Amsheri
and Abouthfeerah [4].

Definition 3.4.1

Let ¢p(z) be an univalent starlike function with respect to 1 which maps the
open unit disk U onto a region in the right half-plane and symmetric with
respect to the real axis such that ¢(0) =1 and ¢'(0) > 0. A function
f(z) € A(p) is said to be in the class Sy, ; , » 5(@) if
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mA+1,u+1,n+1,6,

1+
AI ) 161
Ng, “"Pf(2)

5 — 1> <¢p(z), (zeU (3.4.1)

where m € Ny, 1 >0, u<p+1,7n>max(L,u) —p—1,6 =0,b € C\{0}

andp € N. Further, let ST, 5, 5(@) = S)% i 5 (D)
The above class S;7% 3, 1.5(®) is of special interest and it contains

many well-known classes of analytic functions. In particular, for b =p =1
and A = u = § =0, the a-fore-mentioned class reduces to the class S*(¢)
which was investigated by Ma and Minda [32]. Forp =1 and 1 = u = § =0,
it reduces to the class S, (¢) which was studied by Ravichandran et. al. [49].
Forb =1and A = pu = 4§ =0, it reduces to the class S;(¢) which was studied
by Ali et. al. [2]. Furthermore, when m = 0, it reduces to the class

Sb.p.a,un (@) Which was introduced by Amsheri and Zharkova [8].

Now, by making use of Lemma 3.1.3 and Lemma 3.1.4, the coefficient
bounds for functions belonging to the class 55’,3,“,17,5(@ [4] are obtained as
follows.

Theorem 3.4.2
Let0<O0<1,meNy,A=>20,u<p+1,n>max(4,u)—p—-1,6 =0and
p € N. Further, let ¢(z) =1+ B,z + B,z*> + ---, where B, are real with
B, >0,B, >0,and

2m
[B, —B; + (p — M)B12]V12 (pp#)

01 = m ’
+ 26
2y, B (p — 1) (p > )
2m
[Bz + B, + (P - M)B12]V12 (%#)
Oy = m ’
+ 26
2y, B (p — 1) (p > )
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1B+ o~ wB2lyE (222)

p+26)
p

03 =

2y,Bf (p — ) (
If f(2) € A(p) belongs to S} , , 5(#), then

—u)B
( (p—-wB, . 6<a,

+25\™
2 (25°)
Y2 D

(p —wB,;

ap+2_9agza+1|S< p+285\"
2y, P

(r — B,

p+ 26\™
\2’/2( p )

Further, if o, < 6 < g3, then

(50"
2y,B1(p — .U)( D )

(p —wh,

- +285\™
2 (25°)
V2 D

|ap+2 - 9a12,+1| + m (1 + U)lap+1| 2

If 05 < 0 < g,, then

+ 5\°™
)2 (P_

P (1= )|y ?

2y:B1(p — 1) (p p25)

|ap+2 — 9a§+1| +

(p —wB,

- +25\™
2, (25°)
V2 D

where
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> (P + 5)2m B,
141 (—p
for any complex number 6,
(p —wB
|apss — a2, < - 251 —max{1, |v|} (3.4.5)
2 (75)
V2 D
The results are sharp.
Proof
If f(2) € 5)4,,.5.5(@), then there is a Schwarz function
w(z) =wyz +wyz? + - EQ
such that
Ngn,/1+1,u+1,n+1,8,pf(z)
R T = p(w(2)) (3.4.6)
NO,Z f(Z)
since
mA+1Lu+1n+16,p m
Ny, f(Z)_l_I_ Y1 <p+6)
Nm A,,u,n,&pf(z) - p—u p ap+1Z
0,z
1 p+286\" p + 8\*"
+—12 ( ) Apiz — 2(—) az,q.|z%+ -
- M[ V2 » p+2 — V1 » p+1
we have from (3.4.6),
(r —ww,
Ap+1 = (p n 5)m B, (3.4.7)
V1 D
and
D) 2N 2
Ap+2 = D+ 26 m ABiwy + (B + (p —w)Bi)wi} (3.4.8)
2 (25)
V2 D
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Therefore, we have

(p — w)B;
ap+2_9a129+1= p+25m{ 2 VW1}
2)/2( p )

where

B p+25)"‘_ 2<p+5)2"‘
(p —w)B, (2)/29 ( D i\Tp— B,

y (p + 5)2m B1
1
p

v =

The results (3.4.2)-(3.4.4) are established by an application of Lemma 3.1.3
and inequality (3.4.5) by Lemma 3.1.4. To show that the bounds in (3.4.2)-
(3.4.4) are sharp, we define the functions Ky, (n = 2,3,...) by

mA+1L,u+1n +1,8,p
NO,Z ¢Tl (Z)

mA,un,8,p
N0 . Ky n(2)

=9, (Kpn(0) = (Kpn) @ = 1=0)

and the functions £, G, (0 <r < 1) defined by

Nm,/1+1,u+1,77+1,6,pF 7 2(7 + 1
s DD =R -1=0
NOZ H10P o ' (2) 1+7rz
and
Nm,)l+1,u+1,n+1,6,'pG (Z) Z(Z+7‘)
o (- ) GO=6GO-1=0
N . ,M,U' 'pG (Z) 1 +T'Z

0,
respectively, it is clear that the functions Ky, F. and G, belong to the class
S ,1”,75((;5) If 6 < o, or 8 > g,, then the equality holds if and only if f is
Ky, or one of its rotations. If o; < 6 < g, the equality holds if and only if f
is Kg3 or one of its rotations. If 8 = oy, then the equality holds if and only if

f is E. or one of its rotations. If 8 = g,, then the equality holds if and only if

f is G, or one of its rotations.
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Remark 3.4.1

By taking m =0 in Theorem 3.4.2, Theorem 3.3.2 due to Amsheri and
Zharkove [8] is obtained.

Remark 3.4.2

By taking A =pu =0 and § = 0 in Theorem 3.4.2, Theorem 3.2.2 due to Ail
et. al. [2] is obtained.

Remark 3.4.3

BytakingA=u=6 =0and p =1 in Theorem 3.4.2, Corollary 3.2.3 due to
Ma and Minda [32] is obtained.

In the similar manner, the coefficient bound for |a,,, — 6aZ,| of

12427 2210 ¥l

Theorem 3.4.3
Let0<0<1,meNy ,A=20,u<p+1,n>max(,u)—p—16 =0and
p € N. Further, let ¢(z) =1+ B;z + B,z? + ---, where B,,’s are real with

B; >0 and B, = 0. If f(z) € A(p) belongs to S;°, 3 ,.ns(¢P), then for any

complex number 8, we have

(p — Wbl
|aps2 = Bap| < v max{L, [v[} (34.9)
2, (5)
p
where
B p+26)m_ 2<p+5)2m

(p —u)bB, (21/29 ( p i\mp— B,
V= - —
2 (p + 5)2m By

)£ D

The result is sharp.
Proof

w(z) =wz+w,z2+ -+ €Q

such that



1 (N(:'nz,)l+1,u+1,n+1,6,pf(z)

14— Ngfj'“'"' o 1) = p(w(2)) (3.4.10)

b

since

1 Nm,l+1,/,t+1,n+1,6,p (Z) +6 m
1+—< 07 / —-1]=1+ " (p ) Api1Z

b\ NJLENOP () blp—m\ p

1 p+286\" p+ 85\*™
+ o121, (B2 a2 (B0)  dbu |2+
b(p _ ‘u) [ V2 p p+2 V1 p p+1

we have from (3.4.10),

_ b(p—ww,

ap+1 - (p + 6>m Bl,
£1 o

(3.4.11)

and

b(p —w

o2 = p+26
2y, p

7 {Byw, + (B, + b(p — w)BY)wi} (3.4.12)

Therefore, we have

p+ 286\ 2 1
2y, D

2 —
Ap+2 — 9ap+1 -

where

(p — wWbB, (21/29 (p i 25)m —¥i (m)2m>

~ p p B,
Vi (_p ; 5)2m -
T\ p

The result (3.4.9) is established by an application of Lemma 3.1.4. To show
that the bound in (3.4.9) is sharp, we define the functions K4, (n = 2,3, ...)

by

1 Nm,/'l+1,u+1,n+1,6,pK (Z)
1+3( T 1) = 9C.
Ng TP K g (2)
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where K, (0) = (K¢n)'(0) — 1 = 0. Itis clear that the functions K, belong
to the class S, 1 1.6 (@), then the equality holds if and only if f(z) is K4, or
Ky

Remark 3.4.4

By taking m =0 in Theorem 3.4.3, Theorem 3.3.3 due to Amsheri and
Zharkove [8] is obtained.

Remark 3.4.5

By taking A=u=6 =0 and p = 1in Theorem 3.4.3, the corresponding

result due to Ravichandran et. al. [49] is obtained.
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Chapter 4

Starlikeness and convexity conditions of
analytic functions

The main objective of the present chapter is to obtain starlikeness and
convexity conditions of analytic and p-valent functions defined in the open
unit disk.

4.1 Introduction and preliminaries

In this section, some known results on starlikeness and convexity of
analytic and univalent functions are collected. There are many works on the
sufficient conditions for starlikeness and convexity of analytic functions, for
example [7], [20], [21], [22], [41], [43], [47], [54] and others. In 1975,
Silverman [60] proved the following coefficient conditions of functions
f(z) € A, that are sufficient for these functions to be in the class S*(a) or the
class K(a) for 0 < a < 1, respectively.
Lemma4.1.1
Let 0 < a < 1 and the function f(z) € A. If f(z) satisfies

Z(n—oc)lanl <1-a, (z €U) (4.1.1)
n=2

Then f(z) € S*(a).
Lemma4.1.2
Let 0 < a < 1 and the function f(2) € A. If f(z) satisfies

(00]

Zn(n—a)lanl <1-a, (z € U) (4.1.2)

n=2
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Then f(z) € K(a).

The fractional operator has gained much attention by many authors
because of its interesting application. Owa and Shen [41] extended the above
conditions (4.1.1) and (4.1.2) for functions f(z) € A involving the fractional
derivative operator Q{},Zf(z) given by (2.8.3.3) in order to be in the class
S*(a) orthe class K(a) for 0 < a < 1, as follows.

Lemma 4.1.3
Let 1> 0,0 < a < 1 and the function f(z) € A. If f(z) satisfies

i"_“| <22 (z €U 4123
1_aan S VA (4.1.3)

n=2

Then Q{},Zf(z) € S*(a).

Lemma 4.1.4

Let 1> 0,0 < a < 1 and the function f(z) € A. If f(z) satisfies
in(n—a)l |<2—/1 (zeu 414
el < zEW (4.14)
n=

Then Q¢ ,f(2) € K(a).
Furthermore, by using the fractional derivative operator PO’E“’" f(2)

given by (2.8.3.4) for functions f(z) € A, Raina and Nahar [47] generalized
the a-fore-mentioned results (4.1.1)-(4.1.4) that deal with starlikeness and
convexity as follows.

Lemma 4.1.5

Let A, u,nm€ Rsuchthat A >0, u < 2, max()l,,u)—2<77S/1(1—%) and

0 < a < 1. Also, let the function f(z) € A. If f(z) satisfies

zn_a @-m@E-A+m (z €W (4.1.5)

<
1—a|a"| - 2Q2-u+n)
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Then ;£ (2) € S*(a).
Lemma4.1.6
Let A, u,m€ Rsuchthat 1 >0, u <2, max(4, u) —2<n < /1(1 —Z) and

0 < a < 1. Also, let the function f(z) € A. If f(z) satisfies

in(n—a) Q-wWE—-21+n)

<
1—a @ =G

(z€eW) (4.1.6)
n=2
Then P2 f(2) € K (a).

In 1973, Ruscheweyh and Sheil-Small [54] proved the following
important property of analytic functions by using the technique of
convolution.

Lemma 4.1.7
Let ¢(z) and g(z) be analytic functions in U and satisfy ¢(0) = g(0) =0,
@' (0) # 0, g'(0) # 0. Also, let

1+ abz
— g(z)} +0, zeUNO)  (417)

¢(2) *{

for a and b on the unit circle. Then for a function F(z) analytic in U such that

Re {F(z)} > 0 satisfies the inequality

Re {M} >0, (z € W) (4.1.8)

(¢ *9)(2)
Many known results on starlikeness and convexity were obtained by
using Lemma 4.1.7. For example, Owa and Shen [41] proved the following
results for the fractional derivative operator Qf ,f(z) of functions f(z) € A.
Lemma 4.1.8
Let A< 1, 0 <a <1 and the function f(z) € A be in the class S*(a). If
f(z) satisfies

1+ab
@20, Geunop
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for each a and b on the unit circle, where

(00]

~ F(n+DrQ2-21)
h(z)—z+z CTS ) Z (4.1.9)

n=2
Then Qf,f(2) € S*(a).
Lemma4.1.9
Let A <1, 0 <a <1 and the function f(z) € A be in the class K(a). If
f (2) satisfies

1+ abz

b
h@) T2 D=0, zewop

for each a and b on the unit circle and h(z) is given by (4.1.9). Then

05..f (2) € K(a).
Also, Raina and Nahar [47] used Lemma 4.1.7 to prove the following

results which deal with starlikeness and convexity conditions for the
fractional derivative operator PO";“"’ f(2) of functions f(z) € A.

Lemma 4.1.10

Let A, u, € R such that 1> 0, u <2, max(4u) —2<n < x(1 —E)
and 0 < a < 1. Also, let the function f(z) € A be in the class S*(a). If f(2)

satisfies

1+ab
h) el f @) # 0, (2 € U\(0)

for each a and b on the unit circle, where

(Z)n—l(z —u+ n)n—l n

M=t ) @A

(4.1.10)

Then P2 f(z) € S*(a).
Lemma 4.1.11

Let A, u,ne€ RsuchthatA >0, u < 2, max(4,u) —2<n S?\(l—i) and

0 < a < 1. Also, let the function f(z) € A be in the class K (). If f(z)
satisfies
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1+ abz
1—bz

h2) +{ 2f @) %0, (z € UN(OD)

for each a and b on the unit circle and h(z) is given by (4.1.10). Then
PO"Z“ Nf(2) € K(a).

Next, the following results due to Jack [23] and Nunokawa [38]
(Lemma 4.1.12 and Lemma 4.1.13 below ) which are popularly known as
Jack’s Lemma and Nonokawa’s Lemma, respectively in the literature have
been applied in proving many results on starlikeness and convexity of analytic
functions.

Lemma 4.1.12

Let w(z) be non-constant and analytic function in U with w(0) = 0. If
|lw(z)| attains its maximum value on the circle |z| = r,0 < r < 1 at the point
Zy, then zow'(z,) = cw(z,), where ¢ > 1.

Lemma 4.1.13

Let p(z) be an analytic function in U with p(0) = 1. If there exists a point
Zy € U such that

Re{p(2)} > 0 (lz] <lzl), Re{p(z0)} =0, p(z) # 0

then

Zy) =1 a, =i=la+—
p( 0) p(Zo) 2 a

zop'(zo) .C( 1)
wherea # 0 and ¢ > 1.

By making use of these results, Irmak and Piejko [21] investigated the
following conditions for starlikeness and convexity of functions f(z) € A,.
Lemma 4.1.14
Let z € U,0 < a < 1 and the function f(z) € A,,.

1. 1f

Re {Zf”(z) - Zf,(z)} LBt (4.1.11)

f'@  f@) 2(0+a)
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then

zf'(2) 1+«
Re{ @ }> 2
2. If
2f"(2) f' @) _
Re{f’(Z) @ }> !
then
zf'(z)
Re{ (@) }> a
Lemma4.1.15

Letz € U,0 < a < 1 and the function f(z) € A4,,.
1. If

Re {zzf”’(z) + 2zf"(2) zf”(z)} S a—1

zZf"@D+f' (2 f@ ) 20+
then
zf'"(2) 1+a
Re{” @ }> 2z
2. If
22 f"(2) + 22" (2)  zf"(2)
Re{ D@ @ }>0
then

2f" (2)
Re{l + () } >«

(4.1.12)

(4.1.13)

(4.1.14)

(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)

In this chapter, motivated by a-fore-mentioned works, some known

starlikeness and convexity conditions of p-valent functions are studied.

Moreover, various new results that deal with the starlikness and convexity of

p-valent functions associated with generalized linear operator are also

obtained.
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4.2 Conditions for p-valent functions

Motivated by the work of Silverman [60], Owa [40] proved the
following sufficient coefficient conditions for functions f(z) € A(p) to be in
the class S*(p, @) or the class K(p, @) for0 < a < pandp € N.
Theorem 4.2.1
Let 0 < @ < p, p € N and the function f(z) € A(p) . If f(z) satisfies

Z(p+n—a)|ap+n| <p-—a, (zelW) (4.2.1)
n=1

Then f(z) € S*(p, a).
Theorem 4.2.2
Let 0 < a < p, p € N and the function f(z) € A(p). If f(z) satisfies

D GAN@ -ty <P -0, GEW  (*22)

n=1

Then f(z) € K(p, a).

Next, by using the fractional derivative operator M{}f’"’p f(2) given by

(2.8.3.5) of functions f(z) € A(p), Amsheri and Zharkova [7] obtained the
sufficient conditions for starlikeness and convexity, which generalize the
works by [40], [41],[47] and [60] as follows.

Theorem 4.2.3

Let A, u, n€ R such that 1 >0, u<p+1, max(Lu) —p—-1<n<

A (1 — pﬂi) 0<a<p and p € N. Also, let the function f(z) € A(p). If
f(2) satisfies

cp+n—a +1-wWE+1+n-2
zpp_a Iap+nls(p w(p n )' e
n=1

P+D@+1+n—p)
(4.2.3)
Then My f(z) € $* (p, ).
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Proof
We have from (2.8.3.5)

/1
XM f(z) = 2P + z V(A 14,1, D) Ay 2P ™™
=1

we observe that the function y,, (A, u,n, p) defined by (2.8.3.6) satisfies the
inequality v, (4, 1, 1m,0) = ¥ns1(Lwn,p), Yn €N, provided that n <

/1(1 _T) Thereby, showing that y,, (4, u,n,p) is non-increasing. Thus

under the hypothesis of the theorem, we have

pP+D@+1+n—w
p+1-whp+1+n-21)

Yahwnp) <yi(hunp) = (4.2.4)

Therefore, (4.2.3) and (4.2.4) yields

= ptn—a
ZW)@(AJM;U,P)WMH

= pt+tn—a
Sh(ﬂ,u,n,p)Z—_ lapin]| <1
n=1 p-a

Hence, by Lemma 4.2.1, we conclude that M&f’"'pf(z) € S*(p, a).
Theorem 4.2.4
Let 4, u, n€ R such that A1>0, u<p+1, max(Lu) —p—1<n<

A (1 — pﬂi) 0 <a<p and p € N. Also, let the function f(z) € A(p). If

f(2) satisfies
C(p+n)(ptn—a P+1-wW@+1+n—2)
L pp-a) el < DT . @V
(4.2.5)

Then My f(2) € K(p, ).
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Proof
From (4.2.5) and (4.2.4), we have

C(p+n)(p+n—a) Goinplal
p(p_a) Yn A LT, P p+n

n=1

— (p+n)(p+n—a)
p(p —a)

<ri(4uwn,p) lapn| <1

n=1
Hence, by Lemma 4.2.2, we conclude that M&f’”’pf(z) € K(p, ).
Next, by applying Lemma 4.1.7, starlikeness and convexity conditions

for functions f(z) € A(p) involving the fractional derivative operator
My A “ TP £(2) in terms of convolution were obtained by Amsheri and Zharkova
[7] as follows.

Theorem 4.2.5
Let 4, u, n€ R such that A=>0,u<p+1,max(A,u)—p—1<n<

7\(1 — pTH) 0 <a<pandp € N. Also, let the function f(z) € A(p) be in

the class S*(p, @). If f(z) satisfies

1+ab
@) o)) # 0, (2 € U\(0)

for each a and b on the unit circle, where

(p + 1)n(p +1+ n- M)n ZD+N

Y(z) =zP + 4.2.6

) ~(p+1-pwn@+1+n-2D, (#:20)
Then My2"" f(z) € $* (p, ).
Proof
Using (2.8.3.5) and (4.2.6), we have

M) = 27 + Z Yot 1, D)y en 2P

=1
=¥+ f)(2) (4.2.7)
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By setting ¢(z) = ¥(2), g(z) = f(z) and F(z) =2 (j)—a in Lemma

4.1.7, we find with the help of (4.2.7) that

(p*xFg)(z)

Re{ @ 9@ } >0
W+ 2f)(2)

Re{ @+ H@) }‘“>0
2(¥ * ) (2)

Re{ @+ N }‘“>°

2 (Mg F2))
= Re /’lunp —a>0
)

= MI#*Pf(2) € S*(p, )

and the proof is complete.
Theorem 4.2.6
Let 4, u, n€ R such that 1=>0,u<p+ 1, max(L,u) —p—-1<n<

A(l - p%z) 0 <a <pand p € N.Also, let the function f(z) € A(p) be in
the class K(p, a). If f(z) satisfies

1+ ab
w(z) + { 1+_0;ZZ zf'(z)} £0, (zeu\{o)

for each a and b on the unit circle and W(z) is given by (4.2.6). Then

M"Y £(2) € K (p, @).

Proof
Using (2.8.3.5) and Theorem 4.2.5, we observe that

zf'(2)
p

f(z) EK(p,a) & €S*(p,a)
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= MAH1P (_zf%(z)) €ES*(p,a)

0,z

zf'
=3 <‘P* > )(z) €S*(pa)

N CAIPECH S

(p, a)

o W+ f)(2) €K(pa)
o Myt f(z) € K(p,a)

and the proof is complete.

4.3 Conditions for p-valent functions associated with

generalized differential operator

Motivated by a-fore-mentioned works in the current chapter, various
new sufficient conditions for starlikeness and convexity of functions f(z) €
A(p) associated with generalized differential operator N(ff;"l’“'""s'p f(2) given
by (2.8.3.7) are investigated according to Amsheri and Abouthfeerah [5].

The first characterization property for starlikeness of the operator

Ngfgl'“'”'&p f(2) is given as follows.

Theorem 4.3.1
LetmeNy, A=>0,u<p+1,np>max(L,u)—p—1,6=20,0<a<pand

p €N. Also, let the function NJ-**™°Pf(z) defined by (2.8.3.7). If

N RO £ (7) satisfies

- p+6n\"
Z(p+n—a)< > ) V(L w0, D)|apsn| <p—a (4.3.1)
n=1

where y,, (4, 1,7, p) is given by (2.8.3.6). Then NJ»"*"°? £(2) € S*(p, a).
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Proof

It is sufficient to show that the values of ?{fa”nsp lie in a circle
Ny, """ f(2)
centered at w = p whose radius is (p — a). Then we obtain
mA,un,8,p o p+ on " p+n
Z(NOZ A f(Z)) anl p Vn(A»M»TI»P)name
—P|= m
mﬂ'“'"'&l’ o + 6n
f(Z) zP + Zn:l (pT) Vn(/lr wn, p)ap+nzp+n
_ (55 ) YO, 1,0)1 @ ] 21"
JRES ( ) ah 1,2l
Z%°=1( ) Va4, 1,1, PN 1|
n :
1oy ( > ) Ya( 1,1, 0)|ap i

The last expression is bounded above by (p — ), if

= + on\"
Z(p - ) Yn (A w1, p)1|ap 1y |

n=1

<(p-a) [1 - i € ;5")m Yl i, p)lap+n|] .

But the inequality is equivalent to (4.3.1) and true by hypothesis. Hence,

mA,un,8,
Noy "R f(2) € $*(p, ).
In the similar manner, the characterization property for convexity of the

m,A,

) ’6’
operator N, .*°P f(z) can be proved as follows.

Theorem 4.3.2
LetmeNy,A=>20,u<p+1,n>max(L,u)—p—1,§ 20,0 < a < pand

p €N. Also, let the function N, A’”’”"S’pf(z) defined by (2.8.3.7).

NP £(7) satisfies
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m

N 5
D w+we+n-a)(SZ) neun el <pe-

(4.3.2)
where y,,(4, 1, 1, p) is given by (2.8.3.6).Then N mARIOP £(7) € K (p, @).
Proof

L NS ))
It is sufficient to show that the values of ” — lie in a circle
m,A,un,8,p
(voy f(@)
centered at w = p — 1 whose radius is (p — a). Then we obtain

2 (NP ()
(g mo £ (2))

+1-p

o + on\™ _
Zim (E55) a1, + 1)tpanz?

o + 6n\™
pzP~t + X (pT> Va4 1,0, D) (P + M)y zP 1

w + 6n\™
2 (B5) vl 0 + )|y 121"
<
on

B w (p+on\" n
DY [ Va1, 1,0) (0 + 1)|ayn|lz|

o + én\™
Zn=1(p > ) Va4, p)n(p + n)|apn|

- o + on\" '
p =3 (B52) n@nn )+ )|y

The last expression is bounded above by (p — ), if

- p+ on\"
Z ( ) Ya(A 10, )P + n)|apin|

(0]

6 m
<(p-a) [p—Z(pJ; n) Yo w,1m,0) (P + n)|apsnl |-

n=1
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But the inequality is equivalent to (4.3.2) and true by hypothesis. Hence, we
conclude that Ngf;ﬂ'“’”’&p f(2) € K(p, ).
Remark 4.3.1

1. Bysettingp=1and A= pu= 8§ =0 in Theorem 4.3.1 and Theorem
4.3.2, respectively, Lemma 4.1.1 and Lemma 4.1.2 due to Silverman
[60] are obtained.

2. By setting A= pu= 6=0 in Theorem 4.3.1 and Theorem 4.3.2,
respectively, Theorem 4.2.1 and Theorem 4.2.2 due to Owa [40] are
obtained.

Now, by making use of Lemma 4.1.7, the following starlikeness and
convexity results in terms of convolution are established.
Theorem 4.3.3
LetmeNy,A=>20,u<p+1,np>max(Lu)—p—1,6§ 20,0 < a <pand
p € N. Also, let the function f(z) € A(p) be in the class S*(p, a). If
f(2) satisfies

1+ abz
W@ @) # o (2 € W\[0D
1—bz
for each a and b on the unit circle, where
=+ ™
V@ =2+ ) () v pz (43.3)
n=1

where y,, (A, u,m, p) is given by (2.8.3.6). Then Ng";”l'“'""s'pf(z) € S*(p, a).

Proof
Using (2.8.3.7) and (4.3.3), we have

m
) Yn (/1' wmn, p)ap+nzp+n

Aun,8, O (P + o
NP E() =2+ ) :
n=1

=W+ (4.3.4)
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By setting ¢(z) = ¥(2), 9(z) = f(z) and F(z) = 2L (? a in Lemma

4.1.7, we find with the help of (4.3.4) that

(p*xFg)(z)
Re{ @ 9@ } >0

W * 2f)(2)
:Re{ @ N@ }‘“ >0

2+ ) (2)
:‘Re{ W N@ }‘“> 0

m,A, .0,
=>Re{z( - pf(Z))}—a>0

or TP (@)

= Ng;”l’” :0.p f(2) € S*(p,a)

and the proof is complete.

Theorem 4.3.4
LetmeNy,A=>0u<p+1,p>max(L,u)—p—1,6§=20,0<a <pand
p € N. Also, let the function f(z) € A(p) be in the class K(p,a). If f(2)

satisfies
1+ab

W(z) * { zf (z)} 0,  (zeu\o} (43.5)
for each a and b on the unit circle and ¥ (z) is given by (4.3.3). Then
Noi M1V f(2) € K (p, @).
Proof
Using (2.8.3.7) and Theorem 4.3.3, we observe that

zf'(z) _ .,
f(z)eK(p,a) = €S*(p.a)
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zf'(z
- N(‘)rr;,l,u,n,&p( fp( )> € S*(p, 0()

7 !

p

A <¢ * )(Z) €S*(p,a)

LY G

< W+ f)(2) €K )

& Noy "7 f(2) € K(p, a)

and the proof is complete.
Remark 4.3.2

1. Lettingp=1, § =0and A = p in Theorem 4.3.3 and Theorem 4.3.4,
respectively, Lemma 4.1.8 and Lemma 4.1.9 due to Owa and Shen [41]
are obtained.

2. Letting p=1 and § =0 in Theorem 4.3.3 and Theorem 4.3.4,
respectively, Lemma 4.1.10 and Lemma 4.1.11 due to Raina and Nahar
[47] are obtained.

3. Lettingm =0 in Theorem 4.3.3 and Theorem 4.3.4, respectively,
Theorem 4.2.5 and Theorem 4.2.6 due to Amsheri and Zharkova [7] are
obtained.

Next, by applying Lemma 4.1.12 and Lemma 4.1.13, other starlikeness

and convexity conditions for the operator zvgf;l'“'”'&?” f(2) are investigated.

Theorem 4.3.5

Let zeU, meNy,, 1 =20,u<p+1, n>max(L,u)—p—1,6=20,0<
a <1 peNandf(z) € A(p).

1. If
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m,)t+2,u+2,n+2,6,pf(z) m,A+1,M+1,n+1,5,pf(Z)

Re{(p — p— 1) —2 - —(p— )
{ Ng’rz +1,u+1,n+1, 'pf(Z) m, W, 'pf(Z)
S -3+ (43.6)
2(1+ ) o
then
Nm,l+1,u+1,n+1,6p . 1 +a
Re|—2— e ) > (4.3.7)
Noy H10P £ (2)
2. If
m,/'L+2,u+2,n+2,6,pf(Z) m,/1+1,u+1,n+1,6,pf(z)
Re{(p —u—1) O’Z,-L 5 ~(p — )~ mALN,S
{ Ng,r;, +1,u+1n+1, 'pf(Z) NoZ un, 'pf(Z)
> —1 (4.3.8)
then
Nm,l+1,u+1,77+1,8 D
R { WY R Al . (4.3.9)
Noy M0 £ (2)
Proof
First, we prove (1). Since
Nm,/1+1,u+1,77+1,6,p 7
> m/uuwpf( ])C( : =1+dyz+d,z°+-, (z€U)
””” A
Define the function w(z) by
N(;’r;/1+1,u+1,n+1,6,pf(z) ~ 1+ (,ZW(Z) 4310
N ’W'T"‘S'pf(z) 1+ w(2) (4.3.10)

0,z

for0 < a <1andz € U. Itisclear that w(z) is analytic in U with w(0) = 0.

Also, we can find from (4.3.10) that
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A+1Lu+1n+1,8, ! Aun.s, !
Z(N(;Z tlhutin+l pf(z)) Z(NJZ i pf(z))
A+1u+1,n+1,6, - 1.0,
Noy THTTROPf() NP f(2)
azw'(z) zw'(z) (43.11)

1 + aw(z2) 1+ w(2)

by using (2.8.3.9) to (4.3.11), we have

mA+2,u+21n+2,8,p £(2) mA+1,u+1,n+1,6,p f(2)

(p —H~ 1) (?r;lz,/1+1,u+1,n+1,6,p - (p - 'u) > m,A,un,8,p
NO,Z f(Z) No,z f(Z)
a ! !
_ @  aw@) (43.12)
1+aw(z) 1+ w(z)

If there exists a point z, € U such that

max |w(z)| = [w(zp)| =1

1z|<|2o]
then by Lemma 4.1.12, we have

ZoWw'(zy) = cw(zy), (c=21)

Therefore, since w(z,) = e*?, we obtain

mA+2,u+2,m +2,6,pf(zo) Nm,)l+1,u+1,77+1,6,’pf(zo)

Rej(p—pn—1)—2 —(p-w—=
{ N(:)r;,)t+1,u+1,n+1,6,pf(zo) Ng’;/l,u,n,&pf(zo)
_ azow'(z) zow' (o)
= Re — -1
1+aw(zy) 14+ w(zy)
B ace'® ce'® . —B+a)
T Tt ae® 1+ T 2(1+ @)

which is a contradiction to the condition (4.3.6). Therefore, |w(z)| < 1 for all

z € U. Hence (4.3.10) yields
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A+1L,u+1,n+1,6,
N(’;r; urin pf(Z)

)
=lw2)|<1 (O<a<l1;zeU)

Nm,l+1 MU+ +1, é‘pf( )

0,z
Noy #10P f (2)

which implies the inequality (4.3.7). This completes the proof of (1) in the

Theorem 4.3.5.
For the proof of (2), we define a new function p(z) by

mA+1,u+1,n+1,6,
Nog, " Pf @)

m,A,un,s,
NOz wn pf(Z)

where 0 < a < 1,z € U and p(z) is analytic in ‘U with p(0) = 1. Then we

=a+(1—-a)p(2) (4.3.13)

find from (4.3.13) that
7 (Nm,)l+1,u+1,n+1,6,pf(z))’ . (NO Z)L,/,L,n,&pf(z))

0,z
Ng’nz,/1+1,u+1,n+1,6,pf(z) No Z/Lu,n,c‘i,pf(z)

1—a)zp'(z

(1~ a)zp(2) (4.3.14)

T +(1—-a)p(2)

by using (2.8.3.9) to (4.3.14), we have
Nm,)l+1,u+1,n+1,6,pf(z)

mA+2,u+2n+2,6,p
(p-n-1)-% D _ e +1
p H Ng’r;,11+1,u+1,n+1,6,pf(z) p K m,/l,u,n,&pf(z)
1—a)zp'(z
(-~ @)zp’(2) (4.3.15)

o+ (1—-a)p(2)
If there exists a point z, € U such that
Re{p(2)} >0 (lz| <z,
Re{p(z0)} =0, p(z) # 0,
Then by using Lemma 4.1.13, we have
ZoP' (20) _ (a +l>, (a#0;c=>1)

(zeU)

plzo) =ia, p(zo) 2

Thus from (4.3.15), we have

75



mA+2,u+2n+2,6,p
R 1 O,Z f(ZO)
€ (p_‘u_ ) mA+1,u+1n+1,6,p

Noy FHETTELOD £ (7))
_(p B 'u) N(;Z,/1+1,u+1,17+1,8 pf( 0) 1}
mA,un,s,
NP £ (2)

p(2o) a+ (1 —a)p(z)

B —ca(l—a)(1+a?)
- 2[a? 4 a?(1 - a)?]

R {(1 — a)Zop’ (2o) p(2o) }
= Re

<0, 0<a<l)

which contradicts the condition (4.3.8). Hence Re{p(z)} > 0 for all z €U
and the equality (4.3.13) implies the condition (4.3.9). Therefore, the proof of
the Theorem 4.3.5 is completed.

Now, in order to obtain the sufficient condition for convexity of the
operator Ny, AIOP €7 we put 22 2t ( ) instead of f(z) in the Theorem 4.3.5.

Theorem 4.3.6

Let zeU, meNy,, A1=20,u<p+1, n>max(L,u)—p—1,6=20,0<
a <1 p€eNandf(z) € A(p).

1. If

Ngn,l+2,u+2,n+2,5,p (Zf'(Z))
Z p
Nm,/1+1,u+1,77+1,5,p (Zf’(Z))

0,z p

Req(p—u—-1)

Nm,/1+1,u+1,77+1,6,p (Zf (Z))

0,z

p S —(3 + C()
NP (Zf (z ) 2(1+ a)

0,z

—(p—w (4.3.16)

then

Nm,/’1+1,u+1,n+1,6,p zf'(z)
R 0,z p N 1+« (4 3 17)

e .
A5 (M) 2

0,z 14
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2. If

Nm,/1+2,;¢+2,n+2,8,p (Zf’ (Z))

Re ( 1) — P
e oy —
pP—H Nm,l+1,u+1,n+1,6,p (Zf'(Z))
0,z p
Nm,/1+1,u+1,n+1,6,p (Zf’(Z))
0,z
—(1n — > —1
(p 'u) Nm,/l,u,n,é‘,p (Zf (Z))
0,z
then

0,z

p
NTANED (Zf (z )

0,z

Nm,l+1,/,t+1,n+1,6,p (Zf, (Z)>
Re

>«

Proof

First, we prove (1). Since

Nm,/l+1,u+1,n+1,8,p (Zf, (Z))
0,z

p
Nm'/l,ﬂ»n»6»p (Zf ( )

0,z

Define the function w(z) by

Nm,/1+1,u+1,77+1,6,p Zf,(Z)
0,z ) _1+4aw(2)

NTARNED (Zf'(z)) 1+ w(2)
O,Z p

=14+d,z+d,z%+ -,

(4.3.18)

(4.3.19)

(zeUW)

(4.3.20)

for 0 <a < 1andzeU.ltis clear that w(z) is analytic in U with w(0) =

0. Also, we can find from (4.3.20) that

0,z

z (N(;T‘Z'/1+1#+1,n+1.6,p (Zf '(Z))> Z (Nmﬂ'ﬂ'n,&p (Zf '(2)

p

)

0,z 0,z

p
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_azw'(2) zw'(2)
T 1+aw(z) 1+w(2)

(4.3.21)

by using (2.8.3.9) to (4.3.21), we have

Nm,l+2,u+2,n+2,6,p Zf,(Z)

1) 0,z p

P—u Nm,/1+1,;¢+1,n+1,5,p zf'(z)
0,z p

Nm,/’1+1,u+1,n+1,5,p (Zf’ (Z)>
0,z

- N <zf (z))
azw'(z) zw'(2)

=1+aw(z)_1+w(z)_

(4.3.22)

If there exists a point z, € U such that

max [w(z)] = [w(zo)| =1

then by Lemma 4.1.12, we have
zZow'(25) = cw(zyp), (c=1)
Therefore, since w(z,) = e'?, we obtain

Ngn,)t+2,u+2,n+2,8,p (Zof'(zo))
z p

NATLUFLN LD (Zof'(zo))
0,2 p

Nm,)t+1,u+1,n+1,6,p (Zof,(zo))

0,z

e ’ p

VT [ )
0,z p

Red(p—u—1)

_ Re{ azow'(zp) _ Zow'(2o) _ 1}
1+aw(zy) 1+ w(zp)

ace®® ce'® -3+ a)
e — — ——1¢ < —
14+ ae® 1+eif 2(1+ a)
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which is a contradiction to the condition (4.3.16). Therefore, |w(z)| < 1 for
all z € U. Hence (4.3.20) yields

Nm,l+ Lu+1,n+16,p

0,z

()

1%

0,z

Nm;lr#;n;é‘;p

P

)

mA+1Lu+1n+16,p
NO,Z

(M

p

)

0,z

p

Nm')hll'ﬂ'&p (Zf,(z)>

—a

=|lw)| <1 (0a<l;z€eU)

which implies the inequality (4.3.17). This completes the proof of (1) in the
Theorem.

For the proof of (2), we define a new function p(z) by

mA+1u+1n+1,8p (Zf ' (Z)
No.z 2
(Zf ’(Z))
p
where p(z) is analytic in U with p(0) =1,0<a <1and z € U. Then we

find from (4.3.23) that
. ( g ion (2 f;)(z))> . ( NAnSD (zf%(z)))

Nm,/'l+1,,u+1,n+1,8,p (Zf'(Z)) Nm,/l.u.n,&p (Zf'(Z))
0,z p 0,z p

=a+ (1 —-a)p(2)

— (4.3.23)
m’ 'M'n’ 'p
NO,z

_ (A -a)zp'(2)
Ca+(1-a)p(2)
by using (2.8.3.9) to (4.3.24), we have

(4.3.24)

Ngn,/l+2,u+2,n+2,6,p (Zf’(Z)>
Z p .
Nm,/'l+1,u+1,n+1,6,p (Zf’(Z)>
0,z p

Nm,/’l+1,u+1,n+1,6,p (Zf’(Z)>
0,z p

p—-—pn-—-1)

-

N m;/lﬁﬂlnlslp

0,z

=9

p
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(1 —a)zp'(2)

= 4.3.25
a+(1—a)p(2) ( )
If there exists a point z, € U such that
Re{p(2)} >0 (lz| <z,
Re{p(z0)} =0, p(zp) # 0, (zeU)
Then by using Lemma 4.1.13, we have
. zop'(zo) _ .C ( 1)
Zy) =1 aq, =i=-|la+—|, a*0,c=>1
p( O) p(ZO) 2 a ( )

Thus from (4.3.25), we have

Nm,/1+2,u+2,n+2,6,p <Zof’(Zo))
0,z p
Nm,l+1,u+1,n+1,5,p (Zof’(zo))
0,z p
Nm,/1+1,u+1,n+1,6,p (Zof’(Zo))
~(p— 1) — :
T s (5L Gl
0,z p
— Re {(1 — a)zop' (2p) p(2o) }
p(2o) a+ (1—a)p(z)

_ —ca(l-a)(1+a?)
© 2[a? +a?(1— a)?]

Req(p—u—1)

+1

<0

which contradicts the condition (4.3.18). Hence Re{p(z)} > 0 for all z € U
and the equality (4.3.23) implies the condition (4.3.19). Therefore, the proof
of the Theorem 4.3.6 is completed.

Remark 4.3.3

By setting A =u =6 =0 in Theorem 4.3.5, the sufficient conditions for
starlikeness of p-valent functions in U is obtained as follows.

Corollary 4.3.7

LetzeU, 0<a<1landf(z) € A(p).

1. If
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Re {Zf”(Z) Zf’(Z)} LB+

f'@2  f(2) 21+ a)
then
zf'(2) 1+a
Re{pf(Z)}> 2
2. If
zf"(z) zf'(2)
Re{f’(Z) @ }>_1
then
zf'(2)
Re{pf(z)}>a
Remark 4.3.4

(4.3.26)

(4.3.27)

(4.3.28)

(4.3.29)

By setting A =u = 6 =0 in Theorem 4.3.6, the sufficient conditions for

convexity of p-valent functions in U is obtained as follows.

Corollary 4.3.8
Let zeU, 0<a<1landf(z) € A(p).
1. If

zf"(2) + f'(2) f'(2)

1( zf”(z))} 1+a
p f'(2) 2

ot
|

2. If

zf"(2) + f'(2) f'(@)

ol e )
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z*f""(2) + 2zf"(2) zf "(Z)} S
2(1+ a)

{ z*f""(2) + 2zf" (2) Zf”(Z)} -0

(4.3.30)

(4.3.31)

(4.3.32)

(4.3.33)



Chapter 5

Certain classes of analytic functions with
negative coefficients

This chapter is devoted to study certain classes of analytic and p-valent
functions whose non-zero coefficients, from the second on, are negative with

an aim to obtain some properties.

5.1 Introduction and preliminaries

For univalent functions, the well-known classes T*(a) and C(a) of
starlike and convex functions of order a,0<a <1 with negative
coefficients, which obtained by taking intersection, respectively, of the classes
S*(a) and K (a) with T, that are,

T (@) =S"(a)NT,C(a) =K(a)NT
These classes were introduced and studied by Silverman [60]. Results
concerning coefficient inequalities, distortion, covering theorems, order of
starlikeness, radius of convexity theorems and extreme points are obtained by
author. Further, Owa [40] introduced the classes T*(p, a) and C(p, a) of p-
valent starlike and convex functions of order a,0 < a < p with negative
coefficients which are extensions of the familiar classes T*(a) and C(«),
respectively, when p = 1, that are
T"(l,a) =T*(a),C(1,a) = C(a)

Many authors have defined various classes of univalent and p-valent
functions with negative coefficients and studied their geometric and analytic
properties, such as [10], [12], [40], [42], [56], [59], [60], [61], [63] and others.
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In this chapter, motivated essentially by a-fore-mentioned works, in
order to solve many problems such as, coefficient bounds, distortion
properties, Hadamard product (convolution) properties, closure properties,
extreme points, radius of close-to-convexity, radius of starlikeness, radius of

convexity, class-preserving integral operators and integral means inequalities,

the classes T*(p, @) and M;n’l'“’""s(ﬁ, a) of analytic and p-valent functions
with negative coefficients are defined and studied.

Now, in order to prove the results concerning integral means inequality,
the following lemma due to Littlewood [28] is needed.
Lemma 5.1
If the functions f(z) and g(z) are analytic in U with g(z) < f(z), then for

t>0and 0 <7 < 1, we have

2T 2w
[Clotre) a0 < [Tl as,  =re?) 1)
0 0

5.2 On aclass of p-valent functions

In this section, various properties for functions belonging to the class
T*(p, ) according to Owa [40] and Saldgean et. al. [56] are studied. The
class T*(p, a) is defined as follows.
Definition 5.2.1 [40]
A function f(z) € T(p) is said to be p-valent starlike function of order « if

and only if

zf'(2)
Re{ 16 } > a, (zelU) (5.2.1)

for 0<a <p and p € N. The class of all p-valent starlike functions of
order a with negative coefficients is denoted by T*(p, ).

Notice that, forp = 1, the class T*(p, @) reduces to the class T*(a)
which was introduced by Silverman [60].
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5.2.1 Coefficient bounds

The sufficient and necessary conditions for functions to be in the class
T*(p, a) according to Owa [40] can be obtained as follows.
Theorem 5.2.1.1
Let the function f(z) be defined by (2.2.2). Then f(z) belongs to the class
T*(p,a) if and only if

Z(p +tn—a)ap, Sp—a (5.2.1.1)
n=1

The result is sharp.
Proof
Assume that the inequality (5.2.1.1) holds. Then we obtain
2f'(2) ‘ _
—_ p e
f(2)

- Z‘?{):l Napin zP

— Ji© +n
Zp Zn:l ap+n Zp

< Z?lo=1 nap+n|Z|n
S 1- ;.lozlap+n |z|™
Yn=1 Napin

1= Z?Lo=1 ap+n

<p—«a
This shows that the values of z f'(2)/f(2) lie in a circle centered at w = p
whose radius is (p — a). Hence f(z) € T*(p, «). Conversely, suppose that
Re {ZfI(Z)} = Re {pzp — Zno1(p+ 1)dpin ZW} > a
f(Z) zP _Zn=1ap+n AL

for 0 < a <p, p €N and z € U. Choosing values of z on the real axis so

that zf'(z)/f(z) is real, and letting z — 1~ through real axis, we can see that

p— Z(p + n)ap+n =a (1 - z ap+n)
n=1

n=1
Thus we have the required inequality (5.2.1.1). Finally, the function f(z)
given by
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p—a D1

f(z)zzp_p+n—a

) (p,n €N) (5.2.1.2)

is an extremal function for the Theorem 5.2.1.1.
Corollary 5.2.1.2
Let the function f(z) defined by (2.2.2) be in the class T*(p, a). Then

p—a

p-l—n——a’ (p,n € N) (5213)

Equality is attained for the function f(z) given by (5.2.1.2).

Remark 5.2.1.1

Setting p =1 in Theorem 5.2.1.1, the corresponding result proved by
Silverman [60] is obtained as follows.

Corollary 5.2.1.3

Let the function f(z) be defined by (2.1.3). Then f(z) belongs to the class
T*(a) if and only if

Z(n —@a, <1-a (5.2.1.4)
n=2

The result is sharp.

Remark 5.2.1.2

Setting p =1 in Corollary 5.2.1.2, the corresponding result proved by
Silverman [60] is obtained as follows.

Corollary 5.2.1.4

Let the function f(z) defined by (2.1.3) be in the class T*(«). Then

1—«a

a, < —— (n=2) (5.2.1.5)
The result is sharp for the function defined by
f(z)=z- - = (n=2) (5.2.1.6)
n—a

5.2.2 Distortion properties

In this subsection, the modulus of f(z) and its derivative for the class
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T*(p, @) according to Owa [40] are obtained.

Theorem 5.2.2.1
Let the function f(z) defined by (2.2.2) be in the class T*(p, a). Then

2 g P S 1] S [P 4 e,
(5.2.2.1)
and
plaprt = LEDE =D < 1l < plapr + 2T .
(5.2.2.2)
for z € U, the results are sharp.
Proof
By virtue of Theorem 5.2.1.1, we can observe that
(P+1-@) ) Gy < ) P+1- Dy
n=1 n=1
<p—«a
which implies that
o b a
z Gpen < (5.2.2.3)

n=1
Hence the first estimate (5.2.2.1) follows from (5.2.2.3). Furthermore, from

Theorem 5.2.1.1, we note that

p+1—a

which gives that

Z(P + M) apin < P+ Dy~ a) (5.2.2.4)

pt+l—a
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Consequently, we can show the second estimate (5.2.2.2) with the aid of
(5.2.2.4). Further the estimates of the theorem are sharp for the function f(z)
defined by

Pm® pn

f<Z):Zp_p+1—a

(5.2.2.5)

Corollary 5.2.2.2
Let the function f(z) defined by (2.2.2) be in the class T*(p, @). Then the

unit disk ‘U is mapped onto a domain that contains the disk |w| < r;, where

1

L]

The result is sharp with the extremal function f(z) given by (5.2.2.5).

5.2.3 Convolution properties
The following Hadamard product (or convolution) properties for the
class T*(p, a) established by Sildgean et. al. [56] are studied.
Theorem 5.2.3.1
Let the functions f;(z), (i = 1,2) defined by

(0]

fi(z) = 2P — Z Qpin: 27", (Qpin; = 0; pEN)  (52.3.1)

n=1
be in the class T*(p, a). Then (f; * f5)(z) € T*(p, {(p, a)), Where
3 (p —a)?
{((pa)=p (5.2.3.2)

Cpr1-a)? - (p-a)?
The result is sharp.

Proof

We need to find the largest { = {(p, @) such that

oop+n—5

— a a <1
p+n,l1 Yp+n,2
p (

n=1

since
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= p+tn—«a

Apiny =1
n=1 p—a ’
and
o0
PR A
n=1 p—a ’
we have

p+n—a
z \/ap+n1 Apnz =1

Thus it is sufficient to show that

ptn—¢ a a L ptn-¢a Ja ”
p—{ p+nl Yp+n2 = p—a p+n,1 Up+n,2
that is
_P-D@+n-a
Vapna penz < p-a)p+n—17)
Notice that
O
\/ap+n,1 Ap+n2 = ptn—a

Consequently, we need only to prove that
p-—a _@-Op+tn-a)
ptn—a” (p—a)(p+n—yJ)
or, equivalently, that

n(p — a)’
e g Epy e
since
w(n)=p np — @) (5.2.3.3)

(- - (p-a)?

is an increasing function of n (n € N ), letting n = 1 in (5.2.3.3), we obtain
(p — )’

pt+1-a)—-(p—a)

Finally, The result is sharp for the functions

(=w()=p-
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P2 pm

file) = 2"~

, (i=12) (5.2.3.4)

Theorem 5.2.3.2
Let the function f; (z) defined by (5.2.3.1) be in the class T*(p, ) and let the
function f,(z) defined by (5.2.3.1) be in the class T*(p,9). Then f;(z) *

f2(2) € T*(p, k(p, a,9)), where

K= k(pa,9) = p— r-—a)@-9)
p+1-a)p+1-9)-(pP-a)p—-9Y)
(5.2.3.5)
The result is sharp.
Proof
Proceeding as in the proof of Theorem 5.2.3.1, we get
k< O(n) =p np— )P = 9) (5.2.3.6)

CpHn-ptn-9)-(p-ap-9

Since the function ®(n) is an increasing function of n (n € N ), lettingn = 1

in (5.2.3.6), we obtain

B -a)p-9)
P+1-a)p+1-9)-(p-a)p-9)

The result is sharp for the functions

P2 pm

kK< (1) =p

= 7P —
f1(z) =z S +1—a (5.2.3.7)
and
-9
fZ(Z) = zP — pf—ﬁzml (5238)

5.2.4 Closure properties
The following closure theorem proven by Owa [40] is given.
Theorem 5.2.4.1
Let the functions f;(z), (i = 1,2, .....,m) defined by (5.2.3.1) be in the class
T*(p, a). Then the function
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m

h(z) = Z ¢; fi(2), (c; = 0) (5.2.4.1)
i=1
is also in the class T*(p, a), where
m
z 6 =1 (5.2.4.2)
i=1

Proof

According to the definition of h(z), we can write that

o m
h(z) = zP — z (Z Ciap+n,i> zP*m

n=1 \i=1

By means of Theorem 5.2.1.1, we have

D p+n— @y <p-a

n=1
foreveryi = 1,2,3,....., m. Hence we can observe that
(0] m m oo
Z (p +n-— a) (Z Cilpin,i ) = z Ci (Z (p +n-— a)ap+n,i)
n=1 i=1 i=1 n=1
m
< (Z Ci ) (p—a)
i=1
= p -

which implies that h(z) € T*(p, a).
Further, the following result proven by Saldgean et. al. [56] is given as
well.
Theorem 5.2.4.2
Let the functions f;(z), (i = 1, 2) defined by (5.2.3.1) be in the class T*(p, ).

Then the function

[}

h(z) = 27 — Z(agm,l + a2, ) 2P (5.2.4.3)

n=1

belongs to the class T*(p, p(p, @)), where
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2(p — a)?
p+1—a)?—2(p—a)?

p(p,a) =p—

The result is sharp.
Proof

By virtue of Theorem 5.2.1.1, we obtain

00 2
p+tn—a p+n—a
Z{ } ap+n 1= {2 ap+n,1} <1

and
2

o (P +n— a)? Cp+n—a
Z{ p—a }“?’M’ZS{Z p—a a’””’z} =1

n=1 n=1

It follows from (5.2.4.5) and (5.2.4.6) that
1 (p+n—a)?
z E{—p . } (aGsn1 + a129+n,2) <1
n=1
Therefore, we need to find the largest p such that

ptn—p _ 1{p+n—a}2
2

p—p p—«a
that is,
2n(p — a)?
p=p-— 7 2
p+n—a)>—2(p—a)
since

2n(p — a)?

P =P = o 20—y

(5.2.4.4)

(5.2.4.5)

(5.2.4.6)

(5.2.4.7)

Is an increasing function of n (n € N), lettingn = 1in (5.2.4.7) we have

2(p — a)?
p+t1—a)?—2(p— a)

p<p-—

The result is sharp for the functions f;(z), (i = 1,2) given by (5.2.3.4).
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5.2.5 Extreme points
Owa [40] proved the following property which is concerned with the
extreme points of the class T* (p, ).
Theorem 5.2.5.1
Let
fo(z) = 2P (5.2.5.1)
and

fu(2) = 2P — r—— i;f pEAa (5.2.5.2)

for0<a<pand p,n€N, then f(z) eT*(p,a) if and only if it can be

expressed in the form

(0]

F@) =) e ful2) (5.25.3)

n=0

wheren € N U {0} and

£, >0, Z e =1 (5.2.5.4)

n=0
Proof

Assume that

oo}

F) =) e fu(@)

then, we get that

z(p+n—a)<p+n )enSp—a

This show that f(z) € T*(p, «). Conversely, assume that f(z) € T*(p, @), by
using Theorem 5.2.1.1, we can show that
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a <
PP~ p+n—a
for n € N, setting
pt+tn—a
Ep = a
n p—a p+n

and

(00]
£0=1—§:%
n=1

we have the representation (5.2.5.3). This completes the proof of the Theorem
5.2.5.1.

5.2.6 Radius of convexity

In this subsection, the radius of convexity of functions in the class
T*(p, a) determined by Owa [40], is given as follows.
Theorem 5.2.6.1
Let the function f(z) defined by (2.2.2) be in the class T*(p, ). Then f(z) is
p-valently convex of order o (0 < o < p) in the disk |z| < r,, where

p(p—o)(p+n—a) }1/”

p+n)p-a)(p+n—-oa)
with equality for a function f(z) of the form (5.2.1.2).

r, = infneN{ (5.2.6.1)

Proof

It suffices to show that

Zf”(Z)
1+ @ —p‘Sp—J, (Iz] < 1y)
But
‘1 + ZfII(Z) _ ‘ _ | —Z;'f;ln(p + n)ap+n AL
f'@) p—Yroa (P +1) Qpin 2

Z?f:l Tl(p + n)ap+n |Z|n
B p— Z‘?:l(p + n)ap+n |Z|n

<p-o0
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IS true if

o (p+n)(p+n—o)
p(p — o)

Ap+n |z|" <1
n=1

By Theorem 5.2.1.1, we need only to find values of |z| for which

prnp+n=0), ., _ptn-a (5.2.6.2)
p(p — o) p-a

Solving (5.2.6.2) for |z|, we get the desired result (5.2.6.1).

5.2.7 Class-preserving integral operators

The following results are dedicated for the class-preserving properties
of the integral operator J.,(f(z)) for f(z) € T(p) due to Sildgean et. al.
[56].
Theorem 5.2.7.1
Let the function f(z) defined by (2.2.2) be in the class T*(p, @). Also let
¢ > —p. Then the function F(z) defined by

Z

j tc1f(t) dt (5.2.7.1)

0

F(2) = Jop(F(2)) = 2.

Z

is also in to the class T*(p, @).
Proof

From the representation of F(z) it follows that
F(z) = zP — z ApinzP™™,
n=1

where

c+p
Aen = () oo

Therefore
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c+p =
Z(p+n a)(c+p+n> p+n Szl(p+n_a’)ap+n
n=

<p—«a
since f(z) € T*(p, a). Hence, by Theorem 5.2.1.1, F(z) € T*(p, ).
Remark 5.2.7.1
Letting c = 1 — p in Theorem 5.2.7.1, the following result is obtained.
Corollary 5.2.7.2
Let the function f(z) defined by (2.2.2) be in the class T*(p, a). Then

G(z) = zP 1! & dt (5.2.7.2)

0

is also in the class T*(p, a).

Theorem 5.2.7.3

Let ¢ > —p and the function F(z) be in the class T*(p, ). Then the function
f(2) given by (5.2.7.1) is p-valent in the disk |z| < r; where

1/
. p(p+n—a)(c+p) "
3 = inf, ¢y {(p T tp =) (5.2.7.3)
The result is sharp.
Proof
Let
F(z) = zP — Z bpsnzP®™ ,  (bpn Z0;pEN)  (52.7.4)

It follows from (5.2.7.1) that

f(2) = (ZCF(Z))

(e0)

c+p+n
= ‘Z ()b

n=1

in order to prove the result, it suffices to show that
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f'(2)

1 p‘ =P (Iz] <73) (5.2.7.5)
Now
f'(2) C c+p+n
Zp—1 P{= |~ Z(P +n) <W> bynz™
n=1

= c+p+n
< z(’p +n) (W) bpinlz|™
n=1

Thus (5.2.7.5) is true if

byinlzl" < 1 (5.2.7.6)

i p+n)(c+p+n)
& plctp)

By Theorem 5.2.1.1, confirm that

- p+tn—a
p—«a

n=1
Thus (5.2.7.6) will be satisfied if
p+n)c+p+n) <p+n—a

petpy = e MEY

or, if

|Z|<{ p(c+p)(p+n—a)
~(

Yn
p+n)(c+p+n)(p- a)} , (meN) (3277

which leads us precisely to the main assertion of Theorem 5.2.7.3.

5.3 On ageneralized class of p-valent functions

In the current section, a new class M;n”l’“’""s(ﬂ, a) of analytic and p-
valent starlike functions involving the generalized differential operator
Ngfj'“'"'&p f(2) given by (2.8.3.8) for f(z) € T(p) is introduced and their

properties are investigated according to Amsheri and Abouthfeerah [6].
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Definition 5.3.1
A function f(z) € T(p) is said to be in the class M;n”l’“‘"‘s(ﬂ, a) if it

satisfies

1 m,A,un,8,p
52(N0z f(Z)) _1+0-2a)z

AR8, —
(1= B)zP + BNy, " P f(2) 1=z

(5.3.1)

forpeNmMmEeEN), 120, u<p+1,n>max(L,u)—p—-1,§=0,0<
B <1and 0 < a < 1. The condition (5.3.1) IS equivalent to

(1- ﬂ)zv + BNm’A’”"’"g'pf(Z) -
(1- ﬁ)zp + BNJYHHOP £ ()

where N, mARIOP £(4) is given by (2.8.3.8).

<1, (zeU) (5.3.2)

+1-2a

Notice that, for A=u =86 =0 and 8 = 1, the a-fore-mentioned class
reduces to the class T*(p, @) which was introduced earlier by Owa [40] and
studied by Sildgean et. al. [56]. Further,forA=u=§d=0andp = =1, it

reduces to the class T*(a) which was studied by Silverman [60].

5.3.1 Coefficient bounds

In this subsection, the sufficient and necessary conditions for the
functions f(z) € T(p) to be in the class M;”Q'A’“'""s (B, ) are proven.
Theorem 5.3.1.1
Let the function f(z) be defined by (2.2.2). Then f(z) belongs to the class

M;""l’“'""g (B, «) if and only if

Z (p . n) [n+p(1—Ba)] V(L wn,p)apin <p(1—a) (53.1.1)

n=1
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where y,, (4, u,n, p) is given by (2.8.3.6).

Proof

Since f(z) € J\/[;””L“’"’s (B8, @), then

L2 (NG9 £()) = (1= B)zP + BNG TP ()
1

2 (No Zl,u.n.S,Pf(Z)) +(1-2a) ((1 — B)zP + BN, A,u,n,&pf(z))

<1

(5.3.1.2)
It follows from (5.3.1.2) that

( )

2 (250 e, o) [(B52) = ] agn”

2(1 —a)
p+n

Re <

- Z?f;l(@) Vn(4, 1,1, p) [(

) + B(1 — Za)] Ap+nZ" )

L(wa 0P )
Choosing values of z on the real axis so that —"——

is real,
-B)zP+BNg 0P £ (2)

and letting z — 1~ through real axis, we have

3 (Y o [ () = ] e

n=1

<2(1-a)- Z(p”") o) |(02) + 61 - 20)] apen

which gives the desired assertion (5.3.1.1). Conversely, let the inequality
(5.3.1.1) holds true and let |z| = 1.Then we have

%Z( m,ﬂ,ﬂ,n,a,pf(z)) ((1 —B)zP + /)’NO ' 'u.n,5,pf(z))|

%Z (No Za,u,n,é‘,pf(z)) +(1-2a) ((1 p)zP + BN, A,u,n,S,pf(z))|

98



- () G (5) ]

=i P P
_ 2(1 — a)zP
Y EET) mGmnn | () + 50 - 20 ezt

Il
[N

n

<2

(p ;(Sn)m [(p ; n) - Ofﬁ] a1, 0)apin —2(1—a) <0

NgE

1

S
Il

Hence f(z) € M;””l’“’""s (B8, ). This completes the proof.
Corollary 5.3.1.2
Let the function f(z) defined by (2.2.2) be in the class M;”'A'“'"'S(ﬁ, a).

Then
p(1—a)
) [n+p(1—Ba)] vn(A u,n,p)

(5.3.1.3)

<
Dpin = (p + én
p

where p,n € N and y,,(4, u,n, p) is given by (2.8.3.6). The result (5.3.1.3) is

sharp for a function of the form
p(1—a)
m
) [+ p(1 = B)] Yo (A 1,)

f(z) =zP — zP™m  (5.3.1.4)

(p+6n
p

Remark 5.3.1.1

Lettingp=1,A=u=6=0and g =1 in Theorem 5.3.1.1 and Corollary
5.3.1.2 respectively, Corollary 5.2.1.3 and Corollary 5.2.1.4 due to Silverman
[60] are obtained.

5.3.2 Distortion properties

The modulus of f(z) and its derivative for the class Mf”l’”’”"g(ﬁ, a)

are obtained as follows.
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Theorem 5.3.2.1
Let the function f(z) defined by (2.2.2) be in the class Mf’l’“‘"‘s (8, @) such

that meN,, 4120, p<p+1, nzMﬁ—%%,&za 0<B<1,

0<a<1landp € N,then
p(l—a)p+1-2A+mp+1—pw

f@N = |zl? - = |z|P*E,
(B52) 11+ p( = I+ D@ + 1 - +1)
(5.3.2.1)
F@I <l + 6101(3 —)@P+1-2+np+1-p sy
(B52) 11+ p0 - pal@+ D@ +1-p+1)
(5.3.2.2)
1- 1-21 1-
D] = plalPt — zjr(g ma)(p+ +m@+1-p) 2P,
(pT> [1+p(Q—-B)](p+1—p+n)
(5.3.2.3)
and
@] < plzlPt + Ijr(js —moc)(p +1-2+mp+1-w 2P,
(pT> [1+p(1-B)]lp+1—p+n)
(5.3.2.4)

for z € U. The estimates for |f(z)| and |f'(z)| are sharp.

Proof

We observe that the function y,,(4, u,n,p) defined by (2.8.3.6) satisfies the
inequality ¥,(4L, ,1n,0) < Vns1(A u,n,p), Yn €N, provided that n=>

/1(1 —pﬂi). Thereby, showing that y, (4, u,n,p) is non-decreasing. Thus

under the hypothesis of the theorem, we have

P+D@+1-pu+n)
0< = /L 1, < /L N,
P+l-pp+l—A+n V14w, p) < a4, 1,1, p)

for f(z) € M;n"l’””’"s(ﬂ, a), in view of Theorem 5.3.1.1, we have
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(B22) 11+ p = Bl + D@+ 1= g+ 1)

p Za
P+1-wWe+1-21+n) P

n=1

< i (p * 6n>m [n+p(1 = Ba)] vn(A, 1,1, P)Ap 4

n=1 p
<p(l—a)
which gives

(00]

p(l-a)p+1—-2+npE+1-—w

Ap+n = m
n=1 (p%g) [1+p(A—-p)]p+ D@ +1—p+n)

Consequently, we obtain

[00]

@I 2 2P =127 aps

n=1

p(l-a)p+1-2+np+1-w

> |zfP - 2P+
p+8\"
(B52) 1 +p( - @+ D@ +1 -+
and
@IS 12 + 12 ) g
n=1
<12 + pA-a)p+1-A+mMp+1-u 2P+

(BE2) 11+ p(1 - el + D@ + 1 -+ )

which prove the assertions (5.3.2.1) and (5.3.2.2) of Theorem 5.3.2.1.

Furthermore, from Theorem 5.3.1.1, we note that

p(l-a)p+1-2+npP+1-—pw

Z(P +n)ap+n = (p s
n=1

P2l) M+ p( -l +1 -+

(5.3.2.5)
Thus, we have
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/@1 = plzlP = 12lP ) (0 +1)apen (5:326)

and

F'I< plaP + 122 Y 0+ 1)y (5:327)
n=1

On using (5.3.2.5), (5.3.2.6) and (5.3.2.7), we arrive at the desired results
(5.3.2.3) and (5.3.2.4).
Finally, we can prove that the estimates for |f(z)| and |f'(z)| are sharp

by taking the function

p(l-a)(p+1—-2+n)(p+1—p) o+

(p%g) [1+p(A =)+ D@ +1—p+n)

f(z) =2zP -

(5.3.2.8)
Corollary 5.3.2.2

Let the function f(z) defined by (2.2.2) be in the class M;"’A'“’""s(ﬁ, a).
Then f(z) is included in a disk with center at the origin and radius r, given
by

=1+ p(l-a)p+1-2+np+1-w (53.2.9)

(BE2) 11+ p1 - o+ D+ 1= s+ 1)

and f'(z) is included in a disk with center at the origin and radius rs given by
prl—a)(p+1-2+n)(p+1—p)

(BE5) 11+ p(1 - lp + 1=+ )

rs=p+ (5.3.2.10)

5.3.3 Convolution properties

In this subsection, the Hadamard product properties of any two

functions in the class M4m0

p (B, @) are obtained.

102



Theorem 5.3.3.1
Let the functions f;(z),(i =1,2) defined by (5.2.3.1) be in the

class M;””L”’"’a(ﬂ, a) such that meN,, 1>0, u<p+1, n= /1(1 -
%) §>0, 0<f<1, 0<a<l and p€eN. Then (f,*£)(2)€

M;""l’“'""s (8,0), where

. vn) —p(p +n)(1 - a)’
o< 1nanN{ YD) = p2 A0l — a)? (5.3.3.1)
and
p+ on\"
v = (5] I+ p( = )1t n,p) (5:332)
Proof
It suffices to prove that
+ 6n\"
=, (BEE) fr+ p(1 = BNy, )
z p(l _ O') ap+n,1 ap+n,2 <1
n=1
since
+ on\™
i (p 5 n) [n+p(1 = B)]yn(4 11, p)
Z Apin1 =1
] p(1-a) P
n=
and
+ on\™
i (p 5 n) [n+p(1 = B)]yn(4 11, p)
Z Apinz =1
] p(1-a) P
n=
we have
+ on\™"
ad (p . n) [n+p(1 = Ba)]yn(4 1, p)
z p(l _ a) \/ap+n,1 ap+n,2 <1
n=1
(5.3.3.3)

Thus, we need to find the largest o such that
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+ 6n\™
o (P - ") [n+p(1 = By (A 1,7, D)
Z p(1—o0) Ap+n1 Ap+n,2
n=1

p +6n

- " [+ p(1 = Ba)lya (s, p)
< nZl< P ) p(]. — a) \/ap+n,1 Ap+n,2

or, equivalently that

- [n+p(1—Ba)](1—0)
\/ap+n,1 Ap+n 2 = [n + p(l - ,80')](1 —a)

In view of (5.3.3.3), it is sufficient to find the largest o such that

p(1-a) _ [n+p( - Ba)](1 - o)
(B2 1+ p1 - gl ey TP FOI =)
(5.3.3.4)

The inequality (5.3.3.4) yields

_ [ —p +m( - @)
STV e -7

where

m

n
) [n+p(1 = Ba)?yn (A, 1,1, D)

v(n) = (

which completes the proof of Theorem 5.3.3.1.
Corollary 5.3.3.2
Let the functions f;(z),(i = 1,2) defined by (5.2.3.1) be in the class

M;""l’“'”"g (B, a). Then the function

e}

h(z) = zP — z Vpini Apinz 207, (p €EN) (5.3.3.5)

n=1

belongs to the class M;”"l'”’""s (B, ).

Proof

since
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+ on\™
o (p D ) [n + p(l - ﬁa’)]]/n(/l» wn, p)
Z Ap+n,1 =1
; p(1—a) o
n=
and
+ on\™
2 Ap+n,2 =1
; p(1—a) o
n=
we have

(2 M) [n+p(1 - Byt p)
S Vipind Gpinz

<1

N5

S
Il
[y

By Theorem 5.3.1.1, we get h(z) € M;”’A‘“'""S(ﬁ, a).

Theorem 5.3.3.3

Let the function f(z)defined by (2.2.2) be in the class M;"'A'“'""g(ﬁ, a).
Also, let

g(z) = zP — z bpin zP7T, (|bp+n | <1;pe€ N) (5.3.3.6)
n=1

Then (f * g)(2) € M (B, ).
Proof

Since

m

o D+ S
Z (p : n) [n +p(1 = Ba)] va (A 11,1, P)|@psnbpin |

o0 6‘ m
= Z (p i n) [n+p(1 = Ba)] ¥Ya(A 1,1, D) s | Bpsn |

< i (p " 5n>’" [n+p(1 = Ba)] V(A4 1,1, P)Apsn

<p(l-a)
By Theorem 5.3.1.1, it follows that (f * g)(z) € Mf’l'”’"’a(ﬂ, a).
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5.3.4 Closure properties

The following linear combinations of functions in the class
A 0,8
M0 (B, ) are proven.

Theorem 5.3.4.1
Let the functions f;(z),(i =1,2,.....m) defined by (5.2.3.1) be in the

class M, mALNS (B o). Then the function

h(z) = zP — — Apini | 2P (5.3.4.1)
YPIE

is also in the class M;”’A'“’""S (B, a).
Proof

Since f;(2) € M;"”l’”’""s(ﬁ, a),(i=1,2,....m). By Theorem 5.3.1.1, we

have
o (P : 5") [n+p(1 ~ B)ya(A 1,1, D)
z Ap4n,i <1
L p(1—a) P
o)
e (P : 5") [n+p(1 = B 1,0) [ 4 &
2, pA-d) (52 ) i
1 m (p + 67’1) n+ p(l - ﬁa)])/n()lr wn, p)
_z z Ap+n,i =1
m i=1 n=1 p(l - a) |

which shows that h(z) € M,"**™° (B, ).
Theorem 5.3.4.2
Let the functions f;(z),(i = 1,2) defined by (5.2.3.1) be in the class

M;n'l'“'n'g(ﬁ, a) such that meNy, 1>0, u<p+1, n= ’1(1 ‘p_ZZ)’

§=20,0<f<1,0<a<1andp € N. Then the function
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h(Z) = 27 = ) (@hin + By z) 22 (5342)
n=1

belongs to the class ]\/[;"”1'“’"’5 (8, 0), where
v(n) —2p(p +n)(1 — a)?
v(n) —2p?p(1—a)? )
and v(n) is given by (5.3.3.2).

Proof

o < infey { (5.3.4.3)

By virtue of Theorem 5.3.1.1, we obtain

m 2
o (p + 5n> [n+p(1 = Ba)lya (A, 111, p)
Z p a? <
2, p(l — a) p+n,1 =
m 2
i (p 4;9611) [n+p(1=Ba)y,(4 1,1, p)
; o Gpeniy <1 (5.3.44)
and
+ én\™ i
a? <
; p(1—a) p+n 2 =
" 2
(p 4;? 5n) [n+p(1 - Ba)ly, (L 1,1,p)

NgE

p(1—a) Apinz( <1 (5.3.4.5)

S
Il
[y

It follows from (5.3.4.4) and (5.3.4.5) that

<p+6n
p

2

m
) [n+p(1 - )]y (4 wn,p) , ,
p(l _ C() ap+n,1 + ap+n,2) < 1

[1s
TR

S
Il
[N

Therefore, we need to find the largest o such that
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) [n+p(1 = Ba)]yn(4, 1,1, p)
2 p(1—o0) (b1 +0a2in,) <1

Thus, it is sufficient to show that

(p+6n
14

) [+ p(1 = B (A, )
p(1-o0)

2

(p+6n

=E8) o+ p(1L = Byt p)

p(1—a)

(5.3.4.6)

N =

<

The inequality (5.3.4.6) yields

< {V(n) —2p(p+n)(1 - a)z}
— v(n) —2p%B(1 - a)?

where v(n) is given by (5.3.3.2). This completes the proof of the Theorem
5.3.4.2.
Theorem 5.3.4.3

The class M;”"l’“'”"s (B, @) is convex.

Proof
Suppose that the functions f;(z), (i = 1,2) defined by (5.2.3.1) be in the

class M;""l’“'”"g (B, a). Then it is sufficient to show that the function

h(z) =$f1(2) + (1 = §)f2(2), 0=<{=<1

or, equivalently
h(@) =22 = ) {Eayins + (1= Hapenz} 227, (0 <D
n=1

is also in the class M;”"l'”’""s (B, ).

Now, from our hypothesis and Theorem 5.3.1.1, it follows readily that
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(00]

1)
Z (p - n) Tl + p(l - ,Ba')]]/n(/l, U, 1, p) (";ap‘l'n'l + (1 B f)ap+n,2)

<p(l-a)

which evidently proves Theorem 5.3.4.3.

5.3.5 Extreme points

The extreme points for the class M, AL, S(ﬁ, «) can be determined as
follows.
Theorem 5.3.5.1
Let
fp(2) = 2P (5.3.5.1)
and
fomn(@) =2 = e p(1 - ) ZPt (53.5.2)
( 5 ) [n+p(1 - Ba)] vu(4, 1,0, p)

for p,n € N. Then f(2) € M;””l’“’""s(ﬁ, a) if and only if it can be expressed

in the form
FD = tyin fren(@) (5353)
n=0
where
Epin = 0, z Epin = 1 (5.3.5.4)
n=0
Proof
Let

(00

FD = & fpin(@

n=0
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(0]

p(1—a)
— zP — — Epin ZPHT
Z (p i 5”) [n+p(1 = Ba)] v (A 1,7, D)

Then, in view of (5.3.5.4), it follows that

PO [+ p(1 = Bl Y, )

Z ( : p(1—a)

n=1

p(1—a)

(p ;571) [n+p(1 — Ba)] v (4 1,1, P)

€p+n

Nk

n=1

Therefore, f(z) € M;””l’“’”"s(ﬁ,a). Conversely, suppose that f(z) €

MRN8 (B 6, then

p
Apin = + 5n\™ Pl - a) , (n € N)
(p . ) [n+p(1 = B)]yn(4, 11, p)
Setting
(p -;&l) [n+p(1 = Ba)]lyn(4,u,1,p)
Ep+n = p(1—a) Ap+n » (n € N)
and

oo
spzl—ZSPJrn

n=1

we can see that f(z) can be expressed in the form (5.3.5.3). This completes
the proof of the Theorem 5.3.5.1.
Corollary 5.3.5.2

The extreme points of the class ]\/[;n’l’”’”"s(ﬂ, a) are the functions f,(z) and

fp+n(2) given by (5.3.5.1) and (5.3.5.2) respectively.

110



5.3.6 Radii of close-to-convexity, starlikeness and convexity

Firstly, the largest disk |z| < 14, 0 <1, < 1 for functions in the class

mA,un,6
]\/[p

Theorem 5.3.6.1

(B, a) to be close-to-convex in |z| < rg is determined as follows.

Let the function f(z) defined by (2.2.2) be in the class M;”’A‘”’""S(ﬁ, a).
Then f(z) is p-valently close-to-convex of order o,0 < o < p in the disk

|z| < 1, Where

m 1/71
(p — o) (p”;%sn) [n+p(1 - Ba)lyn(A,u,n,p)

p(1-a)(p+n)

Te = infy ey (5.3.6.1)
and y,, (4, u,n, p) is given by (2.8.3.6). The result is sharp with the extremal
function f(z) given by (5.3.1.4).

Proof

It suffices to show that

f'(2)
1P <p-—o, (lz] < 1g) (5.3.6.2)
Indeed, we have
f'(2) N
e YR P
n=1

Hence (5.3.6.2) is true if

- pt+n n
Pt P (53.6.3)
n:1p
By Theorem 5.3.1.1, and (5.3.6.3) is true if
+ 6n\™
(p 5 ) [n+p(1 - Ba)lyn(4 1,n,p)
p—o T p(1—a)

(5.3.6.4)

Solving (5.3.6.4) for |z| (n € N), we get the desired result (5.3.6.1).
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Next, the largest disk |z| < r;, 0 <1, <1 for functions in the class

m,A,un,8
M,

Theorem 5.3.6.2

(B, a) to be starlike in |z| < r is determined as follows.

Let the function f(z) defined by (2.2.2) be in the class ]\/[;"'A‘”'""S(ﬁ, a).
Then f(z) is p-valently starlike of order o,0 < o < p in the disk |z| < 1,

where

m 1/7‘1
(p—o0) (ﬁ%‘rl) [n+p(1 - Ba)lyn(A,u,1,p0)

p(l-a)(p+n-o)

17 = inf, ¢y

(5.3.6.5)
and y,,(4, u,n, p) is given by (2.8.3.6). The result is sharp with the extremal
function f(z) given by (5.3.1.4).

Proof

It suffices to show that

z f'(2)
@) — p‘ <p-o, (lz] < 1ry) (5.3.6.6)
Indeed, we have

Zf’(Z) . ‘ _ ‘ _21010=1 Nap+n z"
f(Z) 1- Z?Lo=1 Ap+n z"

Zg):l nap+n|Z|n
N 1 - Z;?:l ap+n |Z|n

Hence (5.3.6.6) is true if

(e0)

> ntpn |2 < (0= 0) = ) (0 = Dy l2I"
n=1

n=1

that is, if
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— +n—o
Z prn—o o e l2" <1 (5.3.6.7)
n=1

By Theorem 5.3.1.1, and (5.3.6.7) is true if
+ 6n\"

(p 5 n) [n+p(1 = Ba)]lyn(4, 1,1, p)
p—o a p(1—-a)

(5.3.6.8)

Solving (5.3.6.8) for |z| (n € N), we get the desired result (5.3.6.5).

Finally, the largest disk |z| < rg, 0 < rg < 1 for functions in the class

mA,un,8
W%

Theorem 5.3.6.3

(B, a) to be convex in |z| < rg is determined as follows.

Let the function £ (z) defined by (2.2.2) be in the class M, "**™° (8, a). Then

f(2) is p-valently convex of order g, 0 < o < p in the disk |z| < rg, where

m 1/7'1
(- (B 1+ p( - s, p)
fo = et G- D@ +1-0)
(5.3.6.9)

and y,, (4, u,n,p) is given by (2.8.3.6). The result is sharp with the extremal
function f(z) given by (5.3.1.4).
Proof

It suffices to show that

1+2@ p‘ <p—0, (2] <7 (5.3.6.10)
f'(z)
Indeed, we have
EIANON ‘ _ ‘—z;?zln(p + M)y 2"
f'(z) p—2n-1(p+n) Apin 2"

Yn=1M(p + n)ayyy |2]"
T p—2Xalpt n)ap+n |z|™

Hence (5.3.6.10) is true if
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oo (00

D D+ W)y 12" PP =) = Y 0= DD+ Wty 21"

n=1 n=1

or

Apin 2" <1 (5.3.6.11)

i(p+n)(p+n—a)
—~  plp—o)

By Theorem 5.3.1.1, and (5.3.6.11) is true if

(p+n)(p+n-—o) (p ;&1) [n+p(1 = B)]yn(4 1,1, p)
n<
CEC R d-o

(5.3.6.12)
Solving (5.3.6.12) for |z| (n € N), we get the desired result (5.3.6.9).

5.3.7 Class-preserving integral operators

In the present subsection, further properties of the class

M‘mvﬂ-’#;nva

» (B,a) of functions under the generalized Bernardi-Libera-

Livingston integral operator defined in (5.2.7.1) are investigated. The closure
property can be proven as follows.
Theorem 5.3.7.1

Let the function f(z) defined by (2.2.2) be in the class M,""*"°(8, a).
Also, let ¢ > —p. Then the function F(z) defined by (5.2.7.1) is also in the
class M;’l'ﬂ’“'""s (B, ).

Proof
From (5.2.7.1) and (2.2.2), we have

F(z) =zP — z ApinzP™™
n=1
where

c+p
Ayin = (i) B (n&N)
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Since ¢ > —p, we have

0<A,in <apin, (n €N)
which, in view of Theorem 5.3.1.1, immediately yields Theorem 5.3.7.1.
Remark 5.3.7.1
Letting c = 1 — p in Theorem 5.3.7.1, the following result is obtained.
Corollary 5.3.7.2

Let the function f(z) defined by (2.2.2) be in the class M;”'A‘”‘""S(ﬁ, a).
Then

G(z) = zP~1
0

is also in the class M;””l’“’"’a (B, ).

% dt (5.3.7.1)

Next, the largest disk |z|] <19, 0 <719 <1 for functions in the

class ]\/[;”’A'“’""S (B, @) to be p-valent in |z| < 1y is determined as follows.

Theorem 5.3.7.3
Let ¢ > —p and the function F(z) be in class M;n”l’“’""s(ﬂ, a). Then the
function f(z) given by (5.2.7.1) is p-valent in the disk |z| < r4, where

1/
+ 6n\™ n
(BE) e+ pn +p(1 = fedlvn (o, )
=i 3.7.2
To = infpen pP+n)(c+p+n)1-—a) (53.7.2)
Proof
Let F(z) defined by (5.2.7.4). It follows from (5.2.7.1), that
z=¢ d
— __(C
&) = g (7T @)
- c+tp+n
= 7Y (L e, e> )
n=1
In order to prove the result, it suffices to show that
f'(2)
1P| <P, (zI<r)  (5373)
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Indeed we have

f'@

zp-1 p| -

= c+p+n
-+ () b
n=1

= c+p+n
< Z(P +n) <W> bpinlz|™
n=1

which yields the desired inequality in (5.3.7.3), provided that

- (p+n)(c+p+n)
p(c+p)

bynlzl" < 1 (5.3.7.4)

n=1

since the function F(z) defined by (5.2.7.4) is in the class M;”"l'“'""s(ﬁ, @),
then by Theorem 5.3.1.1, we have

o0 (P ;5") [n+p(1 = Ba)]ya(4 1,1, p)
Z bpn =1
p(1-a)

n=1

Thus the inequality (5.3.7.4) will hold true if

+ on\"
(p+n)(c+p+n) 2] < (p P n) [n+p(1 = Ba)]lyn(4, 1,1, p)
p(c+p) B p(1-a)
that is, if
+ on\™ n
(p z n) (c+p)n+pA - pa)ly,(4 u,n,p)

|z| <

p+n)(c+p+n)(1—a) ' (n€N)

which leads us precisely to the main assertion of Theorem 5.3.7.3.

5.3.8 Integral means inequalities

Application of Lemma 5.1 leads to the following integral means

inequality theorem for functions belonging to the class M;"'A’”'""S (B, ).
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Theorem 5.3.8.1

Letr>o,,120,u<p+1,nzA(1—”T”),szo,meNo,o<ﬁs1,

0<a<1 and p € N. If f(Z) € M;n'/l'u'n'a(ﬁ, a’), then for z = ret® and

0 <r<1,wehave

2T 2T
j |f(re®)[" do < ] o1 (re'®)|" do (5.3.8.1)
0 0
where
p(l—a)
fo+1(2) = 2P — 5 zP*1 (5.3.8.2)
(BE2) 11+ 91 - )l i)

and y,, (4, u,n, p) is given by (2.8.3.6).
Proof
Let f(z) of the form (2.2.2) and f,.(z) of the form (5.3.8.2), then we must

show that

jZH
0

(00]

n
1-— Z Ap4nZ
n

=1

T
do

sj2ﬂ1—( P - ) z| ae.
0

p}#) [1+p(1 = Ba)]yi (4 1n,p)

By Lemma 5.1, it suffices to show that

e}

p(1—a)
1-— ApynZ"t <1 — — Z.
; ’ (p%g) [1+p(1—Ba)]v1(A wn,p)
Setting
- p(1—a)
1— ) a2z =1- — w(z)
z ' (B2) [+ p1 = p)l aoss )
(5.3.8.3)

from (5.3.8.3) and (5.3.1.1), we obtain

117



—) [1+p(1—Ba)]yi(4u,n,p)
p(1—a)

n
ApinZ

o (p + 5”) [n+p(1 = Ba)] ya (A 11, D)
< |z| Z p(1—a) “pm

< |z|

<1
which completes the proof.
Remark 5.3.8.1
LettingA =u =8 =0andp = B =1 in Theorem 5.3.8.1, the integral means
inequality for the class T*(a) is obtained as follows.
Corollary 5.3.8.2
Letz>0and 0 < a < 1.If f(2) € T*(a), then for z = re®®and 0 < r < 1,

we have
21 21
j [f(rei®)|" do < j f2(ret®)|" do (5.3.8.4)
0 0
where
1—«a 5
fo(z) =z — 5o’ (5.3.8.5)
Remark 5.3.8.2

Letting « = 0 in Corollary 5.3.8.2, the following integral means result for the
class T due to Silverman [61] is obtained.
Corollary 5.3.8.3

Lett > 0 and f(2) € T. Then for z = re‘®and 0 < r < 1, we have

2T

f |If(2)|*do < f |f>(2)|* db (5.3.8.6)
where
fo(z2) =z— %22 (5.3.8.7)
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Conclusion

The history of starlike functions goes back to 1915, when this class was
studied by Alexander [1]. The present researcher is mainly concerned with a
study on some geometrical and analytical properties for certain classes of
multivalent starlike functions.

The researcher has achieved this goal by studying some basic concepts
of analytic univalent and multivalent functions defined in the open unit disk
and some of their related subclasses. Also, some linear operators are
presented. Moreover, the technique of subordination was employed to

introduce certain subclasses of the class A(p) of p-valent functions in order to
obtain the bounds of the coefficient functional |ap+2 — 9a12,+1|. At this place,

the well-known class S, ,,(¢p) and it’s a generalized class Sy, ,, ; , ,(¢) defined

Ny
Z

by the fractional derivative operator M& f(z) are studied. Further, a new

extended class S lTp, Aun,s (@) of p-valent functions associated with the linear

2

Au.0p f(2) is introduced. Furthermore, sufficient conditions for

operator N(TZ’
starlikeness and convexity are obtained by using different techniques. At this
place, many well-known conditions for p-valent functions associated with the

»H,1,P
z

operator M(i f(z) are studied. Also, some new conditions for p-valent

functions involving the operator Pf(z) are investigated. In addition,

Ng;/’w,n,&
certain subclasses of the class T(p) of analytic and p-valent functions with
negative coefficients are defined and studied to investigate coefficient bounds,
distortion properties, convolution properties, closure properties, extreme
points, radius of close-to-convexity, radius of starlikeness, radius of

convexity, class-preserving integral operators and integral means inequalities.

At this place, the well-known class T*(p, «) is studied and a new generalized
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Ill ’ 16 . . . . . .
class M;n #12 (B, a) associated with a certain linear operator is introduced

and studied.

The mentioned above classes showed that the functions of these classes
generalize the concept of starlike functions. For various values of the
parameters, these classes reduced to classes of starlike functions.

Overall, the researcher reached the following results:

1. The careful research carried out earlier and in this thesis shows that the
linear operators have many extensive and interesting applications in the
theory of analytic and multivalent functions.

2. Some well-know results are reduced as a special case from the main

results signifying the work presented in this thesis.
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Future work

Through the results reached in this study, the researcher
recommends the following:

1- A number of problems of this type of study may be raised for various
linear operators. For example, the operators of Ruscheweyh, Komatu,
Sdldgean and others.

2- The operators which were used in this study may be applied for other
fields of analytic functions such as Harmonic functions, meromorphic
functions and others.

3- Fractional calculus operators may be used for other fields of science
such as partial differential equations, physics, engineering and others.
Some suggested areas of research include

1- A study on some classes of analytic functions associated with different
linear operators.

2- Differential subordination and supeordination.

3- Analytic functions with negative coefficients.
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