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Abstract

In this study, we used a generalized derivative operator, defined on new classes of
analytic functions, to obtain results.
This study is consists of the following chapters:
In Chapter One, we have gathered the essential definitions and fundamental theories
which are necessary for this study.
In Chapter Two, there are certain uses for fractional calculus in science, particularly in
mathematics. Using the ideas of fractional calculus, we explore several applications of
generalized derivative operator in the context of geometric function theory. In this
chapter, we introduce a new class of analytic and normalized functions using a
generalized derivative operator in the open disk.
In Chapter Three, we obtain the Fekete-Szego inequality using the generalized
derivative operator and the Hadamard product, for a new class of analytic and
normalized functions in the unit disk.
In Chapter Four, we study the bounded coefficients of Taylor-Maclaurin |a,| and|a]|
in the open unit disk, and present two new subclasses of analytic, univalent and

bi-univalent functions related to the generalized derivative operator.
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Introduction

Geometric function theory (GFT) is one of the most important branches of complex
analysis. It was established around the 20th century and has remained an active field of
research. GFT is concerned with the study of the geometric properties of analytical
functions in complex analysis and has many applications in various fields of mathematics,
including special functions and fractional calculus. In recent years, there has been
remarkable progress in the theory of geometric functions and their various applications.
The theory of univalent function is a beautiful subject as we can see in recent years, many
new articles have been written in this area. This field which is often associated with
’geometry” and ’analysis’ has raised the interest of many since the beginning of the 20th
century to recent times. (Duren, 2001) The first study of univalent functions conducted
by P. Koebe was published in 1907. Throughout the last 100 years and until today,
univalent functions theories have developed greatly. In 1914, Gronwall‘s study proved
the area theorem. In 1916, Bieberbach's estimated the second coefficient of a normalized
univalent function, which was solved by Louis de Branges in 1984. (Goodman, 1983)

The study of fractional calculus, has gained considerable popularity and importance
over the past four decades, due, mainly, to its demonstrated applications in numerous
diverse and widespread fields of science and engineering. It does indeed provide several
potentially useful tools for solving differential and integral equations, and various other
problems involving special functions of Mathematical Physics and Applied Mathematics
as well as their extensions and generalizations for one and more variables. (Srivastava,
2018) The theory of fractional calculus has been applied to theory of analytic functions.
Fractional differential equations are emerging as a new and famous branch of applied
mathematies that is being used for many mathematical models in science and engineering.
In fact, fractional differential equations are viewed as an alternative model to nonlinear

differential equations. (Khan et al., 2023)



In this study, by using the operator I"™ (A4, 4, [,n) f(z), we define a new subclasses
of analytic functions, find some applications for this function, estimate coefficients for
the Fekete-Szego inequality, and find coefficient bounds for the functions in the two new

subclasses of bi-univalent functions.



Chapter One

Some Preliminary Concepts of Geometric Function Theory of a Complex Variable



Introduction.
A function f (z) that is analytic in the open unit disk U is said to be univalent in U

if the conditions
fZ)=f(z)=>2,=2, ;7,2, €.

Univalent function theory is a new area of great interest in GFT, which has branched out
to include many fields, such as classes of bi-univalent functions, starlike and convex
functions, and other many classes, which have geometric properties of analytic functions.
(Duren, 2001)

The name univalent functions or schlicht (the German word for simple) functions
is given to functions defined on the open unit disk U = {z: |z| < 1}. (Goodman, 1983)
If £ is analytic and univalent function in D, then without loss of generality we can

assume that is the unit disk U with Taylor expansion

f2)=z+ ) ayzk. (1.1)
The normalization f(0) = f'(0) — 1 = 0 is obtained by the transformation
f(z) —1(0)
@

We denote by A, the class of normalized and analytic functions fin U, and the class of
normalized functions that are analytic ,and univalent in U,is denoted by S. (Thomas et
al., 2018).

This chapter aims to systematically introduce the necessary details, definitions,
and other preliminaries for some basic concepts in the theory of analytic functions in a
complex plane. The definitions of analytic functions, univalent functions, starlike
functions, convex functions, are introduced. Also, the growth and distortion theorems

are constructed. Finally, some operators of the analytic functions in unit disk are given.



1.2 Basic definitions and some properties of the class of univalent functions.
Definition 1.2.1
A set of points in the complex plane is connected if any two points of the set can be

connected by a continuous piecewise smooth curve, all of which belong to the set.
(Goodman, 1983)

Definition 1.2.2

A domain is an open subset D of the complex plane C that is connected. (Goodman,
1983)
A domain D is called a simply connected domain if any simple closed curve in a domain
D encircles only points of D (in other words D has no holes). (Silverman, 1984)
A domain that is not simply connected is called a multiply connected domain, that is,

a multiply connected domain has "holes” in it. (Silverman, 1984) (See Figure 1.1).

> QO
z O e -

A domain D is Simply connected A domain D is not simply connected
(Multiply connected)
Figure 1.1:Domain D simply connected and multiply connected

Definition 1.2.3

A complex-valued function f of a complex variable z is differentiable at a point

zy € Cif it has derivative

/ _ gins F@—f(20)
f'(z0) = lem -

—2Zy Z=2g

at z, exits. (Duren, 2001)

Definition 1.2.4

The set of points inside the circle of radius r centered at the point z, that satisfies



the inequality |z — z,| < r is called an open disk or neighborhood of z,. (Goodman,

1983)

Figure 1.2: r- the neighborhood of z,.

Definition 1.2.5 ""Analytic function™

A function f of the complex variable z is said to be analytic at a point z, if it is
differentiable at z, and every point in some neighborhood of z,. A function f is analytic
in a domain D if it is analytic at every point in D. (Duren, 2001)

Definition 1.2.6 " Taylor series"

The function f must have derivatives of all orders at z, and that has a Taylor series

expansion

e )
fz) = Z 0z — 200, @ =L k(!z") (k=012 .),

k=0

forall z € U,(zy), (Up(zy) = |z — 20| <T).
which converges in some open disk centered at z,. (Brown & Churchill, 2009)

Definition 1.2.7 "Maclaurin series "'

Suppose that f(z) is analytic. The power series that represent a function
f (z) within |z| = r (with center z, = 0) that is defined by
w RO : : .
f(z) = k=0 218 called the Maclaurin series. (Brown & Churchill, 2009)

Definition 1.3.8 "*Conformal mapping**
Assume that f(z) is analytic and not constant in a domain D of the complex z-plane,



for any z € D for which f’(z) # 0, this mapping is conformal, that is: it preserves the
angle between two differentiable arcs. (Duren, 2001)
Example 1.2.1
1)  Theidentity f(z) = zis univalent in U.(Thomas et al., 2018)
Clearly:f(z,) = f(z,) = z; = 7,

2)  f(2) === =2z+2+2z° + -, which maps U onto the half-plane
{Relf @) > 7}
Suppose that
f(z1) = f(z2),
then,

Then we give the geometry of the function f.

Letz = x + iy,

z x+iy 1-—x+1iy
f(2) = = —. .
1-z 1—-x—-iy1l—x+1iy

Re(f()) = F= &+

(1-x)%+y?
>x—1> 1
2 —2x 2

Then the function f(z) = é is univalent on the half-plane {Re{f(z} > _71}
(Thomas et al., 2018)

Example 1.2.2

The Koebe function K (z) is in the class S



K(z) = ﬁ =z+22% + -+ kzF 4+ =32 kz¥, for |z| < 1.

We can write the koebe function % (z) as the following

(us oz 0 w)(2) = %l(i i j)z N 1] - %[(1 iZz)Z] el —Zz)Z'

where

u(2) = 72, up(2) = 22, and u3(2) =

&R

[z — 1]. (Goodman, 1983)
Now if we show the functions u;,u, and u; are analytic and univalent functions, then
this composition are analytic and univalent functions.
First, we prove the function w, is analytic and univalent Suppose that
Uy (21) = uy(2),
then,

1+z, 142

1_Z1_1_Z2

(14+2) (1 —2z)=10-2)A+2)
1+z1—2y—212, =1+ 2, — 2y — 212,
22 =272y = 7, = Z»
Therefore, u,(z) is an univalent and analytic function.
Second, we give the geometry of the function u, (2).
Let z = x + iy, then we have

1+x+iy 1—x+1iy
l—-x—-iy 1—x+1iy

u(2) =

1—x%—y? o 2y
1-x2%+y2 (A-x)?2+y*

w(z) =

then

1—(x%2+y3?)

fe = gy

> 0,since x*+y*<1.



Thus, u, (z) maps from the unit disk into the positive real plane Re {z} > 0.
Next, the function u,(z) = z2, Re{z} > 0, is univalent and analytic.
Finally, we prove the function u is an analytic and univalent function.

Suppose that
u3(z1) = u3(2,)
1 1
Z(Zl -1 = Z(ZZ - 1.
Then
Zl = Zz.

Hence, us is univalent in the entire complex plane minus the nonnegative real axis.
Then the Koebe function maps from the unit disk to the complement of the ray (-co, — i].

(See Figure 1.3)

1+z l _
1-z z? 4 =D
e i T N
1
=3
U C\ (—o0,0] 1
{Re{z} > 0} e\ (-, 'z]

Figure 1.3: The Koebe function
Note that:

Z

1) The koebe function K (z) = 1?

is analytic and univalent function.

Also K (0) = 0 and X'(0) = 1, therefore the koebe functionisin S.
2) The koebe function plays a very important role in the study of S. It is often the external
function for various problems in the class S.

Definition 1.2.9 ""Hadamard product™

The Hadamard product (or convolution) of two analytic functions f and g, where f

is given by (1.1) and



9@ =2+ ) bk e,
k=2

denoted by f * g is defined by

(F*9)(@) = f(2) * 9g(z) = z + X3, agby z*. (z € U). (Duren, 1983)

Lemma 1.2.1 "'the Schwarz s Lemma"'

An analytic function in U with the properties w(0) = 0 and |w(z)| < 1is called a
Schwarz function w(z). (Duren, 2001)

Definition 1.2.10 ""'Subordination™

For analytic functions f and g on U, we say that f is subordinate to g denoted
f < g, if there exists a Schwarz function w(z) in U such that
f(2) = g(w(2)), z € U. (Goodman, 1983)

Example 1.2.2

The function z* is subordination to z? in U exist the schwarz function
w(z) = z%in U, satisfy w(z?) = w(0) = 0, |w(2)| = |2z%| = |z]* < 1;z € U.

Example 1.2.3

In general, if n positive integral, then z" < z € U and z?" < z2? € U. (Goodman, 1983)

Theorem 1.2.1 "'Bieberbach Theorem"'

If f € S given by (1.1), then |a,| < 2 with equality if and only if f is a rotation of the
Koebe function. (Goodman, 1983)

Conjecture Bieberbach 1.2.2
Let the function f € S, where f given by (1.1) withf (0) =0 andf '(0)=1. Then

|a,| < k forall k > 2 and if there is an integer k such that|ak |: k , thenf isa
rotation of the Koebe function. In fact, if f is a rotation of the Koebe function, then

|a, |= K forallk . (Goodman, 1983)

Cases found by researchers earlier are as follows:

10



Researcher Result

Bieberbach (1916) la,| < 2
Lowner (1923) las| <3
Garabedian and Schiffer (1955) lay| < 4
Pederson and Schiffer (1972) lag| <5
Ozawa(1969) lag| < 6
de Branges (1984) la,] <n

Table 1.1: The coefficient that were resolved

Some Important Properties of The Univalent Function.
Theorem 1.3.1

Let fbe a univalent function in U then;
1. g(z) = f(z) + cisunivalent, forany c € C.
2. g(z) = Af(z) is univalent, for any 1 € C, 1 # 0. (Goodman,1983)

Proof

Suppose f is a univalent function in U andc, A € C.

1. If g(z) = g(w) then f(z) + ¢ = f(w) + c and then we getf(z) = f (w).
But f is univalent then z = w and so g(z) is univalent.

2. Ifg(z) = g(w)then Af(z) = Af (w). Since 1 # 0 we get f(z) = f(w).
But f is univalent then z = w and so g(z) is univalent.

Theorem 1.3.2"" Distortion Theorem""
Foreach f € S,

1—r
1+1r)3

1
= K'(-1) < If' (D) < (1_—+r’”)3 K, lzl=r<l,

foreach z € U, z # 0, and equality occurs if and only if a function f is a rotation of the

11



Koebe function. (Goodman, 1983)

Theorem 1.3.3 ""Growth Theorem""
Foreach f € S,

r

(1+1)2

=K <slf@l <

::]C(T‘)' |Z| =T'<1,

,
(1-7)2
foreach z € U, z # 0, and equality occurs if and only if a function f is a suitable
rotation of the Koebe function. (Goodman, 1983)

Special Classes of Analytic Univalent Functions in the Unit Disk.

In this section, we define special classes of analytic univalent functions in the open
unit disk, the classes starlike functions and convex functions. In addition, we
defined other subclasses of univalent functions.

1.4.1 The Class of Convex Functions C.
Definition 1.4.1.1
A domain D in C is said to be convex if the line segment joining any two points of D lies

entirely in D.
i.e. Az; + (1 — A)z, € Dwhenever z,,z, € D and 0 < A < 1. (Goodman, 1983)

Definition 1.4.1.2
A function f € A is said to be convex in the open unit disk U if it is univalent in U and

£ (U) is a convex domain. The normalized class of convex univalent functions consists of
all functions f € S for which f(U) is convex and we denote it by C. (see Figure 1.4).

(Goodman, 1983)

/\&»

dl
K K o)




Figure 1.4: The function f maps U onto a convex domain
Theorem 1.4.1.1
Let f: U — C be a univalent function with f(0) = 0 and f'(0) # 0. Then f is convex if

and only if

zf"(2)
Re { L2+ 1}> 0, (z € V). (Goodman, 1983)

Example 1.4.1.1

The function f(2) = 1ZTZ is an analytic and univalent function f(z)is differentiable in unit

disk and satisfies condition f(0) =0, f'(0) = L = 1. Where

(1-2)2

" _ 2(1—2) _ 2
f'"(z) = T (1_2)3.Then

zf"(2) B 2z(1—2z)* B 1+z
RE{W-F 1} = Re{w+ 1} = Re{:} > 0.

Therefore, the function f(z) = 1ZTZ is convex in U.

Theorem 1.4.1.2" Noshiro-Warschawski Theorem"'

In a convex domain D, if f is analytic and Re{f'(z)} > 0, then f is univalent in D.
(Goodman, 1983)

Example 1.4.1.2

Iff(z) = % is analytic in a convex domain D and

2(1 — 2xy + x2% — y?
( y y%) }>0,

2
Re{f (Z)} = Re {m} = Re {(1 —2x 4+ x2 — y2)2 + 4(xy - y)Z

then f(z) = g is univalent in D.

1.4.2 The Class of Starlike Functions S*.
Definition 1.4.2.1

A domain D in C is said to be starlike with respect to w, if each ray from w, intersects D

in a line segment or a ray. In the special case that w, = 0 we say that the domain is

13



starlike. (Goodman, 1983)

Definition 1.4.2.2

A function f € A is said to be starlike in the open unit disk U if it is univalent in U and
f(U) is a starlike domain. The normalized class of starlike univalent functions with
respect to the origin consists of all functions f € S for which f(U) is starlike and we

denote it by S*. (see Figure 1.5). (Goodman, 1983)

L

/ U
\ )

Figure 1.5: The function f maps U onto starlike domain

Theorem 1.4.2.1
Let f: U — C be univalent function with £(0) = 0 and f'(0) # 0. Then f is starlike if

and only if

Re {;‘(—())} >0, (z € U). (Goodman, 1983)

Example 1.4.2.1

From Example .1.2.2 the function K (z) = ﬁ = Y2  kz¥, for|z| < 1, is an analytic

function and univalent function. We now prove in the class S*

zX'(2)) _ z(1+2)-(1-2)%) (1+2)
Re{m}—l‘e{ (Er s Bl e B
Therefore, the function K (z) = (1_22)2 is starlike in U.

14



Example 1.4.2.2

The convex and starlike domains are shown in Figures 1.6 and 1.7,respectively. The

domain shown in Figure 1.7 is starlike for wy but it is not starlike for the origin.

—~
R

Figure 1.6 Figure 1.7

Figure 1.6: convex domain
Figure 1.7: starlike domain
Example 1.4.2.3

The Mobius function Ly(z) = g is a convex function because it maps U onto a half-

plane.(Thomas et al., 2018)

142z
W=L0(Z)=1 .

Puttingz = x + iyand w = u + iv.

A+x)+iy [A+x)+iy][(1—x)+iy]

= u+tiv= =
(1—x)—iy (1—x)2+y?
. 1-x%-y?42yi
> utiv= —(1_x)2+y2 .

Equating real and imaging parts, we get

1-x2-y?
U=

T (A-x)24y2”

(i)

But|z| <1

15



=>x2+y2<1 =>1-x%2-y2>0. (ii)

From (i) and (ii), we have u > 0 That is Re(w) > 0.

QS

.

\\\\ \\\\\

w -plane

Figure 1.8:The Mobius function
Notes:

1. Any circular disk or any half-plane is a convex set. (Goodman, 1983)
2. Intersection of any number of convex sets is a convex set (the intersection may be

empty or consist of only one point). (Goodman, 1983)
3. Aconvex set D is starlike with respect to each interior point of D. Conversely,

if a set D is starlike with respect to each interior point of D, then D is a convex

set. (Goodman, 1983)

Theorem 1.4.2.2 ""Alexander's theorem™'

Suppose that f is an analytic function in U with. Then f € C if and only if

zf'(z) € S*, z € U. (Duren 1983)

The Alexander's theorem can be rephrased in the form f € S*, then the function

o= [ D,

0

is convex in U.

Example 1.4.2.4
Let the function f(z) = é is convex then the function

16



2la-2)-2z(-D| _ _z

(1-2) = a2 is starlike in U.

9(z) = zf'(2)

1.4.3 The Class P of Functions with Positive Real Part.

The class of functions with positive real part plays a crucial role in the
Geometric Function Theory. Its significance can be seen from the fact that all the simple
subclasses of the class of univalent functions have been defined by using the concept of
the class of functions with positive real part. In this section, we define the class of
functions with positive real part and we present here some of its interesting properties,
such as its relation with the class of univalent functions. In the following, the basic
properties of functions with positive real part in the unit disk U will be given. Also, the
concept of subordination in the complex plane will be discussed.

Some special subclasses of P play an important role in geometric function theory
because of their relations with subclasses of univalent functions.
If g isunivalentin U, then it is obvious that f < g if and only if f(0) = g(0) and
f(U) c g(U). (Goodman, 1983)
The main property of this class is given by

Definition 1.4.3.1

The set P is the set of all functions of the form
p(z) =14+ pz+pz2+ - +ppzk+ =1+ Y52 pez*.
That is analytic in U, and such that for z in U, Re(p(z)) > 0.
Any function in 2 is called a function with the positive real part in U. (Goodman, 1983)

Definition 1.4.3.2
The set P(A) is the set of all functions of the form

p(2) =1+p1z+p2° + -+ ez’ + =1+ L piz”.

That is analytic in U, with the condition Re(p(z)) > A in the unit disk.

17



Theorem 1.4.3.1
Suppose p is an analytic function in U satisfying p(0) = 1. Then p € P if and only if

—iy
p(2) = [ e dp(y) where  dp(y) =0 and  ["dp(y) = p(2m) — p(0) = 1.

(Goodman, 1983)

Lemma 1.4.3.1
Let p(z) = 1+ X5, prz® € P, then

The coefficient bound is sharp for each k.(Goodman, 1983)

Proof

From Theorem 1.4.3.1 and p € P, we have p(z) = fozn 1:::;

dp(y)where

dp(y) = 0and " dp(y) = p(2) — p(0) = 1. Therefore

2T .
()_f 1+Ze_”’d o)
PRI= | Tz PV
0

=1 2 n—“fyd k.
p(2) +kz<j0e p(y))z

Now from p(z) = 1 + X5, prz*yeilde p, = 2 fozne“'k”dp(y). Then,

|prl| = 2

2T ]
v
0
21 ]
<2[ |e7|dp(y)]
0

21
=2 dptr) = 2(p@m) - p() = 21) = 2.
0

From the Mobius function Ly(z) = g =1+2Y7,z8 = |pl < 2.

Example 1.4.3.1
1. f(z) =1+ zF isin P for any integer k > 0, but if k > 2, the function f(z) is not

univalent.(Goodman, 1983)
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2. The Mobius function

1+z -
LO(Z)=E=1+ZZ+2Z2+"'=1+222k'
k=1

then this function is in class P, it is analytic and univalent in U.

1.4.4 Close-to-Convex Functions.
Definition 1.4.4.1

A function f analytic in the unit disk is said to be close-to-convex if there is a convex

function g such that

'(2)
Re {’; , é)} > 0, for all z € U. (Goodman, 1983)

We denote CC the class of close to convex functions in U.

Example 1.4.4.1

In U, the function f(z) = 1ZTZ is analytic, and choose convex function

_ 14z . " 'z _ 1-22) _ 1
g9(2) = — satisfies the condition Re {g—,(z)} = Re {2(1_2)2} = Re {2} > 0.

. zZ .
Hence, function f(z) = s close-to-convex.

Note:
All starlike functions are close to convex, and all convex functions are close to convex.
(Goodman, 1983)

Theorem 1.4.4.1

Every close-to-convex function is univalent. (Duren, 2001)
Proof
If f is close-to-convex in U, then by Definition 1.4.4.1 there exists a convex function

f'(2)
g'(2)

g € U, hence Re{ } > 0. Since g € U is convex, then g is univalent function. Hence

g~ 1 is exists in convex domain g(U) and consider the function

h(w) = f(g~H(w)); w € g(U), (1.2)
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1

where g and g~ are analytic functions. Using the fact that the composition of two
analytic functions is analytic, the function h(w)is an analytic function in U. By

differentiating (1.2), we get

_fg7w) '@
g (g w)) g'@

h' (w)

so Re{h'(w)} > 0in g(U).by Theorem 1.4.1.2 h is univalent in g(U) thus (1.2) become

f= h(g(z)),z e U.
Since two univalent functions have a univalent composition, we deduced that f is
univalent in U.
Example 1.4.4.2
From Example 1.4.4.1 The function f(z) = 1ZTZ is close-to-convex and also a
univalent function.

1.4.5 Subclasses of Univalent Functions of Order S.
Definition 1.4.5.1
A function f is said to be convex of order 8,0 < g < 1 if

(zf" (2))
f'(@)

Re{1+ }>p 0=<p<.

For z € U. The class of all convex functions of order g will be denoted by C(B).
If 3 =0,then C(B) c C(0) =€ c S. (Goodman, 1983)
Definition 1.4.5.2

A function f is said to be starlike of order 8,0 < g < 1 if

zf'(2)
Re{—f(z) } >pB, (0<B<1).

For z € U. The class of all starlike functions of order g will be denoted by S*(5).
If 3 =0,then S*(B) c $*(0) = S* c S. (Goodman, 1983)
Definition 1.4.5.3

The subclasses $*(6) and C(8) of class A are defined using the principle of subordination
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between analytic functions, where § is an analytic function with postive real part in U, as

follows

* _ . Zf’(Z) .
Swy_ﬁeﬂnﬁg<5@)uw@

c(8) = {f €A1 +fo,—((zz)) <6(2) in [U}. (Thomas et al., 2018)

1.5 Coefficients of the Inverse Function.

We can give the formula for the coefficients in the Maclaurin series for
the inverse of a function.

Definition 1.5.1 ""Inverse of Function"

Suppose that
w=f(z)=z+Yr,az"and z = g(w) = w + X5, bwk,
be the inverse function, which will always exist, in a unit disk with a center at «» = 0.
Our object is to find by as a function of a,, ..., a;.(Goodman, 1983)

Theorem 1.5.1

If £(z) is univalent function and g (w) is inverse function, where

w = f(z) = z+2akzk,
k=2

and
z=g(w)=w+ z bwk,
k=2
then
1 gk
by = EWV&(Z)]_I‘ .
Where

#(z) =1+ Y5 ,a,z* 1. (Goodman, 1983)

Definition 1.5.2 "'bi-univalent function"

A function f € A is said to be the bi-univalent function in U. If f and £~ both are
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univalent in U.(Juma & Aziz, 2012)

Lemma1l.5.1

Fekete and Szego's Theorem states that for f € Sand given by (1.1),

| |<1+2 (_2“)
as — ua,| < exp =)

3—4u if u<o0
- <
|a3 ﬂa2|—{4u_3 lf[lZl

For0 < u < 1and the inequality is sharp.(Fekete & Szego, 1933)

1.6 Some Operators of Analytic Functions.

The study of operators plays a vital role in complex function theory. In the literature,
there are several well-known operators such as the Rushewey derivative operator,
Salagean derivative operator, Al-Oboudi derivative operator, and Catas differential
operator, which are defined as the following.

Definition 1.6.1
The pochhammer symbol (or the shifted factorial) which is denoted by (c), is defined

(in terms of the Gamma function) by

_T(e+k) (1 fork =0,ceC\ {0}
(C)k—w_{c(c+1)(c+2) w(c+k—-1)forkeN,ceC,

where I'(c) is the gamma function is defined for all complex numbers except the non-
positive integers.(Norman et al., 2004)

Definition 1.6.2

Let a function f defined on the class A. Then the Rusheweyh derivative operator is

defined as the following

R'f(2) = sy * @)

=z+ Z c(n, k)a,z"
k=2

22



where (c); denotes the pochhammer symbol. (Ruscheweyh, 1975)

Definition 1.6.3

Let a function f defined on the class A andn € N, then the Salagean derivative

operator defined as the following
ST = (4 ) k"aK) « f(2)
k=2

=z+ Y5, k™a.z*, (n € Ny).(Salagean, 1983)

Definition 1.6.4

Let a function f defined on the class A, then, the Al-Oboudi derivative operator
defined as the following
SHf(2) =z + X501 + Ak — 1D]™a,z¥, (n € N).(Al-Oboudi, 2004)

Definition 1.6.5
Let a function f defined on the class A and m, 8 € N, = {0,1,2,...},4 = 0,

[ = 0. Then the Catas differential 1™ (A, B, 1) operator is defined as the following

1+ Ak —1) + 1™ .
—Z+;[ 11 l c(B,k)a,z",

_ o [1+AEk-D+11™ (B+1)_1 Kk
= 7+ B, [FHEH] T B Dies o, £ (Catas & Borsa, 2009)
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Chapter Two

Some Applications of Generalized Derivative Operator in the

Field of Geometric Function Theory
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2.1 Introduction.

The very first work to be devoted exclusively to the subject of fractional calculus was
published in 1974. Ever since then, numerous monographs and books as well as scientific
research journals have appeared in the existing literature on the theory and applications
of fractional calculus. (Srivastava, 2018)
Srivastava et al.(Srivastava, 1989) geometrically explored the class of complex fractional
operators (differential and integral) and (lbrahim, 2011) introduced a generalization for
the Srivastava and Owa fractional operators in the unit disk and Srivastava and Owa gave
definitions for fractional operators (derivative and integral) in the complex z-
plane C provided the generality for a class of analytic functions into two-dimensional
fractional parameters in U. Where (Khan et al., 2022) used these operations to illustrate a
different subclasses of analytical functions .
In this chapter, we use fractional calculus to find some applications of the generalized
derivative operator I™(A4,1,,1,n)f(z), where we defined the generalized derivative
operator on a new class S* (44, 4,,1,n,m, &) of normalized analytic and functions in the
open unit disk.

A function f € A is called bounded turning if it satisfies the condition

Re(f'(2)) > 0.

The class T of bounded turning functions, which can be defined as:

T = {f €A; fl@) <12 z€ [U}. (Khan et al., 2022)
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To derive the generalized derivative operator(Amer & Darus, 2011), we define the

analytic function

A+, (k-1)+D)™ 1 k
+)M1(1+2,(k—1)™ Z5

™ (A, 22, D(2) =z + Xy, a (2.1)

Where m € N, ={0,1,2,....} and 1, ,1,,l € RsuchthatAd, >4, >0,[>0.
Now, in (Amer & Darus, 2011) the authors introduced the generalized derivative operator
I™(A4, 15, 1,n)f(2) as the following :

Definition 2.1.1
For f € A the operator I"™ (A4, 45,1, n) is defined by I™(14,1,,[,n):A — A

IM(A1, 22, L) f(2) = 9™ (A1, A2, 1)(2) * R"f(2),(z € U), (2.2)
Where m e N, ={0,1,2,....} and A, >4, =>0,l>0, and R"f(z) denotes the

Ruscheweyh derivative operator (Ruscheweyh, 1975), and given by
R f(z)=z+ Z c(n,k)a,z*,(n € Ny, z € U),
k=2

If £ is given by (1.1), then we easily find from the equality (2.2) that

A+2(k-1+Dm?

 K)ayz",
A+ D™ (14 k- D))" c(n k)ayz

™A, A, Ln)f(2) =z +

Special cases of this operator include:
= the Ruscheweyh derivative operator (Ruscheweyh, 1975) in the cases:
1*(14,0,1,n) =1'(14,0,0,n) = 1'(0,0,1,n) =1°(0,1,,0,n) =1°(0,0,0,n)
= [™*1(0,0,1,n) = I"™*1(0,0,0,n) = R"
= the Salagean derivative operator (Salagean, 1983):
I™*1(1,0,0,0) = S™,
= The generalized Ruscheweyh derivative operator (Shagsi & Darus, 2008):

12(1,,0,0,n) = R},
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The generalized Salagean derivative operator introduced by Al-Oboudi (Al-Oboudi,
2004):
I™*1(4,,0,0,0) = SF,
The generalized Al-Shagsi and Darus derivative operator (Al-Shagsi & Darus, 2008):
I'™*1(24,0,0,n) = R},
The Al-Abbadi and Darus generalized derivative operator (Al-Abbadi & Darus, 2009):
I™(Ag,22,0,m) = 3"
and finally
The Catas derivative operator (Catas & Borsa, 2009):
I™(A4,0,,n) = I™(A4, 6, D).
Using simple computation one obtains the next result.
(1 +DI™ (A, 22, L) f(2) = A+ 1= A)[I™ (A, A3, L) * 1 (A, 42, D(2)]f (2)
+22[(I™ (A, A2, L) * §* (A4, A, D (2)]'.

Where (z € U) and ¢p1 (1, A,, 1) (2) an analytic function and form (2.1) given by

1 _ N 1
' (M, 22, D(2) = 2+ kzz e N

Definition 2.1.2

Let §(z) belong to the class S. Then §(z) is convex with a positive real part and
symmetric about the real axis.

Definition 2.1.3
Let the function f be given by (1.1). Then, the function is in the class

S* (A1, 45, 1,n,m,§) if and only if

Z(Im(/llﬂ )-2' L, Tl)f(Z)),

S* (A, Az, Ln,m,8) ={f €A: Im(Ay, Ay, L) F (2)

<6(2),6(00=1 .

Definition 2.1.4
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Let the function f be given by (1.1). Then, the function is in the class

$* (A1, 25, 1,n,m, e??) if and only if

2" A0, LW (@)’
M2y, 22, L) f (2)

<M 1< |2 <

NS

S* (M, Ln,m,e??) ={f €A

Lemma?2.1.1

For geC and a positive integer m, the class of analytic functions is given by
GUf,m)={f:f(2) = q+ quz™ + qus1z2™" + - }.
i. LetjeR.Then
Re(f(z) +jZf’(Z)) >0— Re(f(z)) > 0.
Moreover,j > 0 and feG(1,m), then there is constant « > 0 and «w > 0 such that
w =w/(j,am),

and

F@) +iof @) < (12)" — < (2

il. For feG(1,m), and for fixed real number j > 0 and let d € [0,1), so that
Re(f2(2) +2f(2)(2f'(2))) > d — Re(f(2)) > J.
iii.  Let feG(f,m), with Re(f) > 0, then

Re(f(2) + zf'(2) + z*f"(2)) >0,

or for k: U — R, such that

zf'(z)
Re (f(z) + ( ) )k(z)) > 0.

Then
Re(f(2)) > 0. (Miller & Mocanu, 2000)

2.2 Problems about Subclasses of Analytic Functions.
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Theorem 2.2.1
Let feA, and consider the following:

(1) IfI"™(A4,45,,n)f(2) is of bounded turning function, then w € P(A), for
some 1 € [0,1).

@) If (I, A2, L) f(2)) < (g)w then w € P(A), for some 1 € [0,1).
(3) If Re ((lm(al,az, Ln)f(2)) + (w)) > £, de [0,1), then

€ P(A), forsome A € [0,1).
(4) If Re (z(zm(zl,zz, Ln)f(2))" _(I™(Ay, 5, L) f(2))' + 2 (M)) > 0,

1M (A, 2,10)f (2)
z

then € P(A), for some A € [0,1).

Z(Im(ll!lzlvn)f(z))’ Im(A:L!AZ!l!n)f(Z)
(5) If Re (( i) 4 o (TRl )) > 1, then

VA

w € P(A), forsome A € [0,1).

Proof

(1) Define a function p(z) as follows:

Im (Ali AZI lr n)f(z)
, Z
Z

p(z) = € U.

= zp(z) = I (A4, 45, [, n) f(2)

= ZpI(Z) + P(Z) = [Im(ll'AZI l,n)f(z)]'

:1+2 A+ 2(k-1)+Dm

k. c(n, k)agz*1.
1+ Dm1(1+ A,k — D))" e, )ayz

k=2
From (1), we have I (A4, A,, 1, n)f(z) is bounded turning function, and this gives
= Re[zp'(z) + p(2)] > 0
= Re[ I™(A4, 45, Ln)f(2)] > 0,
and from Lemma 2.1.1, part (i)

Re (p(2)) > 0= p(2) = Im(’ll"lzél' nf @) eP(L).
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(2) Suppose that

Im(llﬁ AZ; l; Tl)f(Z)
, Z
VA

P(z) = e U.

= zp(2) = I™(A4, 4,5, Ln)f(2)
= zp'(2) + p(2) = [IM (A, A5, L,n)f(2)]' = Re[ I™ (A4, 45, ,n)f(2)]' > 0,
from Lemma 2.1.1 part (i) we fixed the real number j > 0 such that «w = w (j) and:

1+Z)w
1—2z

p@)+2' () < (

o () = m A Lf @) (1 + Z>J

A 11—z

= R

e [Im(/11'/12;l'n)f(z)l >j >0

(A, A, L,n)f(z
_ MOt

(A4, 4,1,
(A4 ZZ n)f(z) cP.

(3) From Lemma 2.1.1, part (ii). Suppose that:

Re (p*(2) + 2p(2).2p' (2))

_ re [zmzupzz, Lwf @), "G 22 L (@)

72 z

, (z(lmul. o L)f (@) = 1™y, Ao L, n)f(Z))]

72

72 z

_p llmz(/h,/lz,l,n)f(Z) 21" (g, Ay, L) f @) [I™ (Mg, Ay, L) f (2))
e +

21™* (A4, A5, L, ) f (2)
_ =

ke [ 20™ (A, 25, LW (D) U™y, A5, L (D] 1™ (A, Az L )f (2)
z z?
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-Im(kli AZ! l: Tl)f(Z) [Im(lll AZ' l’ Tl)f(Z)]’ _ 1m2 (All )'2' l' n)f(Z)l
z 272

= 2pe |2 O ((Im(al,/lz, Lf () - Ate ) (Z)>] > d
| z 2z
_ Re Im(ﬂ1,/12;l,n)f(2) ((Im(ﬂl;ﬂz; L n)f(z))’ B [m(/ll,/lz,zl, Tl)f(Z)> S ;

From Lemma 2.1.1 part (ii) for fixed real number j > 0 and satisfying the condition

(A4, 4, Ln)f(z
(A4 zZ )f()>j>0’

=>Re[

. Im(/ll,/lz,l, Tl)f(Z) €
A Z

P.

(4) Suppose that

Re (p(2) +zp'(2) + z%p" (2))

VA z2

— Re Ilm(lli AZ' l,n)f(z) + z <Z(1m(lll AZ' l' n)f(z))l - Im(/h;/lz: l,n)f(z))

72 (22 ((1’"(/11,,12, Ln)f(2) + z(I™(A1, A5, L) f(2))" = (I (A1, 25,1, 0) f(z))'))

74

+

74

72 (22 (2 (IO, 20, LF @) = ™G, A LS (Z))ﬂ

Re (p(2) + zp'(2) + 2°p"' (2))

Re [Im(ALAZ;l'n)f(Z) + (

Im(/llﬂ /12' l' ‘n)f(Z)),

Im(j-li /12' l' Tl)f(Z)
B VA

+ z(I™ (A, A, L) f(2))"

= 2(™ 20 L f () +

2(I™ (A4, A2, L) f(2))
" :
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Re (p(2) +2zp'(2) + z%p" (2))

= Re Z(Im(/’ll,lz, L n)f(z))" — (Im(/ll,lz, L n)f(z))’

n Z(Im(/ll; AZ’ l’n)f(z))l

V4

From Lemma 2.1.1 part (iii) implies

— Re <1m(11'12111n)f(z)> >0

VA

™A, A, Ln)f (2) c
- -

P.

(5) Suppose that

zp'(2) "
Re (p(z) + m + Zzp (Z))

[ [T G, 25, L) f (@) — ™ (@, 25, L n)f (2)
™ (A4, 25, ,n)f(2) z?
l z ¥ [ (A, 22, L) (@) /

Z

Re

|
|
72 (z ((Im(zl,zz, Ln) f(z)))" + (M (A4, 22, L) (2) = (I™(Ay, A, L) f(z))’)

+ 72

, ]
(z(lm()ll, A1, n)f(z)) —I™(A4, 15,1, n)f(z)) .2z I
z?2 J

) (mul,az, Liwf@ | A0 2 Lf@) L m, 4, Lmf )

Z Im(llﬁ/lle' Tl)f(Z)

Z zZ

 22(I™(A, Ao, L)f(2) L 2" dp L) f(z))

From Lemma 2.1.1, part (iii) where k(z) = 1.

Re(p(z)) = Re <1m(,11’12’ L n)f(z)) >0

VA
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(A4, 45,1,
(A4 ZZ n)f(Z)EiP. =

To establish the upper bounds of the operator I™ (A4, 45, [, n)f (z), we employ the
exponential integral within the unit disk.
Theorem 2.2.2

Let f € S* (44,4, 1,n,m, ), where §(z) is convex in U. Then,

Z

™G 2 L ) < zexp | sw) -1
0

; dé, (2.3)

where w(z) is analytic in U having condition w(0) = 0 and |w(z)| < 1. Furthermore,

for |z| = &, we have

1 1

exp f S(w(=8)) -1 i < ’ ™Ay, Ay, 1L,0)f (2) < exp f s(w(®)) -1

: = z g %

0 0

Proof.

From Definition 2.1.3 we get

2(I"m Ay, Az, L) f(2))
Im(lli AZ) l, Tl)f(Z)

< 6(2),
from the definition of subordination, we get

2(IMm Ay, Az, L) F(2))
Im (/11' 2'2' l' Tl)f(Z)

= S(W(z)) ,z€ U

(I, 20, L @)
"0, A, L) ()

1= 5(W(z)) -1

(I™(A, 2, L) f(2) 1 ~
MmO, L) 2| s(w(2) -1,

dividing by z

(M A Lm)f(2) 1 8(w(@) -1

I (A, 5, L,n)f(2) z A

33



(MO L)f@) (1 (sw@) -1
f O, L@ fz dz _f g

dg

Z

log I™ (A4, A5, Ln)f(2z) —logz = f
0

S(W(E)) -1

g “

zZ

log Im(/ll,/lzél,n)f(z) _ f(s(w(?)—1

dg (2.4)

0

zZ

™A, Ay 1, 5 -1
( anm”wfw?)

d§

0

zZ

™A, A, Ln)f(2) =z expf
0

S(W(E)) -1 i

§

(™A 2, L)f(2) 1 §(w(@) -1
MO LfG@) z z

2(I" Ay, Az, L) f(2))
Im(lll AZ) l, n)f(z)

=1+ 5(W(Z)) -1,

we obtain

zZ

I™(A4, A5, L,n)f(z) < z epr

0

s(w(®)) -1

d¢.
3 $

Hence (2.3) is proved.
From Definition 2.1.2, the function 6 (z) is convex and symmetric for the real axis, where
0<|z|<é&é<1. Thatis
§(=¢&|z|) <Re{s(w(é2))} <6 lzl), (0<&<1,z€U).
Then we have the inequalities
—|z| > -1 - |z| <1

8(=¢) < 86(=¢1zD),6(¢ |z]) < 6(5).

Consequently, we get
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Sw(=¢ |z])) < Re{s(w(©))} < 8(w(¢ |z]))
Sw(=¢12)) —1 < Re{(W(©))} -1 < 6(w(¢ IzD) —1
Sw(=¢1zD) -1 _Re{s(w@®)} -1 _s(w(lzD)) -1

¢ 3 ¢
1 1 1
S(w(=¢1z[)) —1 Ref{ 6(w(&))} -1 S(w(élzl)) -1
Of : « s | : R St
from (2.4), we obtain
1 1
f{S(W(—f 1z])) — 1d€ < log ‘1 (A, A2, L) f(2) SIS(W@ z)) — 1d€
¢ z ¢
0 0
1 1
S(w(=¢1z[)) —1 ‘Im(/h,/lz, Ln)f(2) S(w(lzl)) -1
exp dé < < exp dé,
Of 4 z of 4
hence, we have
1 1
o(w(— -1 I™(A4,1,,1, o) -1
xp] (w( ;)) i S‘ (A 2 n)f (2) Sexpj (W(Ef)) i m

0

If & is convex univalent and &§(0) = 1, then we find a condition on f to be in
the class S* (14,45, [, n,m, ).
Theorem 2.1.3

If f € A satisfies the subordination condition

2(I" (A, A, L) F(2)) GG R @) 2(m0h 20 L) f (@)
Im(lll AZJ l! n)f(z) (Im(ll,lz, l,n)f(z)), Im(ll'AZ’ l,n)f(z)

< 6(2),

Then,
f €S (14,1, ,n,m,6).

Proof.
Let

z(I™(Ay, 25, L) f(2))
Im(/llllb l’ n)f(z) '
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and let p(z) = 1 and from Lemma 2.1.1 , part (i)
p(2) +p@)z(p(2) < 8(2)

2(I™ (0, 22, L)f (2)
1™y, 25, L, W)f 2)

+z

™, 23, L) f (@) [2(Im 0, 22, L)) + (I (A, Az L) ()]
(Im(lllAZI L n)f(z))z

2 [Z(zmul,zz, Lmf@) ("Gl LF @) o

(I™(24, 2,1, n)f(z))z

then

21"y Ao L @) | (7 Au e L @) | 2(17 G L )
(M2 L)f () (IO A Ln)f (@) (IM(Ay Az LS (2))

2O L)
(I, A, L) f(2))

2™, A, L) f(2) zI™(A4, A3, L) f(2)"
B Im(/lplz' l' Tl)f(Z) Im(){1'/12' l,n)f(z)’

zI™ (A4, A5, L,n)f(2)
T T A L) @) l < 8@,

this implies

2(I™ Ay, 20, L 0)f (@)

Rep(z) >0 = p(z) = Im(A4, 25, L,n)f(2)

< 6(2),

that is
f €S (A, A3, ,n,m,5). m

Theorem 2.2.4
If f eA and satisfies the inequality

LA de Lf @)
(™A1, 2z, L) (2))

Then,
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f €S5* (A, A5, L,n,m, e?).

Proof
Let

Z(Im(ﬂl» AL, n)f(Z)),
M2y, 22, L) f (2)

p(z) =

logp(z) = log Z(Imf(Z)), —log I™f(2)

p() _2(I"CGudp L)f@) (MG A Lmf (@) (1" A2, Lm)f (@)
P(@) (I, 2, L) () z(Im(A, 2, L) f(2) ™Az, L n)f(2)

@) _ ("G L)f @) 2" A L))
p(Z) (Im(ll,/lz,l,n)f(z))’ Im(){l'){Z'l' Tl)f(Z)

zp(z)' Z(Im(/ll Ay, 1, n)f(z))
p(2)  (Im(Ay, 2, L) f(2))

p(2) +

Now

zp(2)’ _ L+ z(I™ (A4, 25,1, n)f(z))
p(z) (I™(A4, 25, L) f(2))

p(2) +

this implies that ((Miller & Mocanu, 2000)p .123)

z(Im(ll,/lz,l.n)f(Z)), < ¢t

p(z) =

I™(A4, 45, L,n)f(2)
then
f(z)e §* ()ll,lz,l, n,m, eAZ). [
Example 2.2.1
Let

2f'@) _ 2(I" Ay, Az, L) F(2))
f(Z) Im(/llﬂAZ' l' n)f(z)

Im(/llﬂlbl' Tl)f(Z) = f(Z) € A.

Z
(1-2)*’
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Then the solution of Z]f( ()Z) 5 is formulated as follows:

1™ (A, Ay, L) (2) = uf—z)z,ﬂz) €A,

we haVe Im(/‘ll,lz,l n)f(Z) = = Zk 1kZ

2(I™ (25, L)f (2)) _ S k22"
Im(/11, /12' l' n)f(z) ZI?:I kzk

Z(Im(ll,lz, l, n)f(z))l 2 3
Im(11;12:l,n)f(z) - 1+ZZ+ZZ +2Z =+ .-

21y, A, L (2)) o, 1+z
MO A L f@) 1”22" '

Moreover, the solution of the equation

zf'(z) 14z
[+ = =1
IS approximated to
f@=1—

We have

k=1
f'@ M) i B O
f()"' f() Z Z]?=1Zk _kzzlz +Z,?=1
= sz+1+ zk
k=1 k=1
z f'(z) = 1+z
f(2) @ =1+2kZ12k=1_Z

2.3 Applications of Generalized Derivative Operator.
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The solution of the complex Briot-Bouquet (BB) differential equation is established
in (Miller & Mocanu, 2000). We produce a presentation of our results in complex BB
differential equations, and the class of BB differential equations is a link of differential
equations whose consequences are visible in the complex plane. The study of new special

functions as follows (Khan et al., 2023)

2f' () _
@

@(0) =f(0), wel01].

wf@+0-w ¢ (2), (2.5)

In (Miller & Mocanu, 2000), many new applications of these equations in Geometric
Function Theory have been discussed. Now, we investigate (2.5) by using the operator
I™(A4,1,,1,n)f(z) and find its solutions by applying the subordination relations. The

operator I™ (A4, 15, [, n) f (z) propagates the complex BB differential equation as follows:

M (A A L) f(2))
WI™ (g, 20, L) + (1 = ) (LG22t E) ) _ ), (26)

where,
¢(0)=f(0) ,weU.
A trivial solution of (2.6) is given when w = 1; our investigation concerns the case
with f € A and w = 0. As follows

Theorem 2.3.1

Let us have equation (2.6) with w = 0. If §(z) is convex in U.Then
) —1
™A, A5, Ln)f(2) <z expf% dq (2.7)
0

where w(z) is analytic in Uand w(0) = 0 and |w(2)| < 1.

Proof

From equation (2.6), and f(z) € A. Then, we get

Z(Im(ll, /12; l, Tl)f(Z))’
Re< Im(Aq, A5, L,0) f(2) ) >0
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(1421 (k-1)+p)™M~1

mb(n,k)akzk

z+ ¥R

k=2(1+l)m—1(1+12 (k-1))

1+ (k=1)+pM—1
@+D™M=1(1+23(k-1))

N , {
Re (z(l (A1,A2,L0)f (2)) ) S 0 Re

Im(lerZrl:n)f(Z) Z+ Zl;.o=2 mb(n’k)akzk

A+ D™ 11+ 2,k - 1)

< Re A+ 4L(k—1+Dm1

k
A+ 0m1(1+ A0k — D) cnk)az

Z+Yp,

A+4Kk -1+
A+ D™ 11+ 2,k —1)"

<1 + Y=z

) ) o
z (1 + Ve (Lt Ak =1+ h" kc(n, k)akzk‘1>\|
>0

kc(n, k)akz"‘l)

1+ A4(k—=1)+m1?
1+ D™ 1(1+ A,k — 1))

& Re /Z
K

z (1 + Yy

o (At A(k—1) + ™
/1 + Zk=2 (1+ l)m—l(]_ + A,(k — 1))m
& Re v 1+ A4k-1)+DHm 1
ENCED RS CETHCESY)

kc(n, k)ak\
| >0

wc(n, k)ay

i (1+ A, (k— 1)+ Dm?

ke(n, k .
A+ D™ (1+ Ak - D) c(n )a"> >0

< Re <1 +
k=2

Moreover, by the definition of I™ (14, 15,1, n)f(z), we indicate that
Im(ll,lz, l,n)f(O) = O

Consequently,

2(I" Ay, Az, L) f(2))
Im (/11; AZI l, n)f(z)

Hence, in the light of Theorem 2.2.2, the result given in (2,7) is completed.

EP =f(z) €S (4,4, ,n,m,3).
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Chapter Three

Application of the Generalized Derivative Operator on Analytic Functions to

Determine Fekete- Szego Inequalities
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3.1 Introduction.
The Fekete-szego inequality is an inequality for the coefficients of univalent analytic

functions found by (Fekete & Szegd, 1933), related to the Bieberbach conjecture. Finding
similar estimates for other classes of functions is called the Fekete-Szego problem. For
the subclass of S, consisting of convex functions C, starlike functions S*, and close-to-
convex functions CC. Various authors have studied sharp upper bounds for the functional
las — ua3|, however, we mention only a few names here such as (Keogh & Merkes,
1969),(Koepf, 1987), (lbrahim & Darus, 2001),(Darus, 2000; Darus & Thomas,
1996),(Ibrahim & Darus, 2001). In particular, for f € CC and be given by (1.1) (Keogh

& Merkes, 1969) showed that

( 1

1 4 12

las —pa2| <{3 79y 3=H=3
2

1 Zou<t

) ,3_,U_

(4p—3, u=1

and for each y, there is a function in CC for which equality holds.

The class used in this chapter is expanded from the class (Ramesha et al., 1995). Where
if the operator I™ (A4, 45,1, n) f(z) is replaced by the function f(2)

in the class used we get the class defined by (Alharayzeh & Darus, 2022)

In this chapter, we obtain results the Fekete-Szego inequality for function in the class
A (92,9 (2); @, B, ).

Let g(z) =z + Y, bz ,0(2) = z + Y, w zkand Y(2) = z + Y5, d z"* be
Analytic functions in U where by, wy,d, >0 and wy, > di, and we define the

Hadamard product as follows:
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g2 *ez)=z+ Z bwz",
k=2 (3.1)

9@) xP(z) = z + i b dyz* J
k=2

: |
Now we define the class A% (¢(2),¥(2); a, ,v) as follows.

Definition 3.1.1
Let the function f be given by (1.1). Then, the function

f €M (0(2),W(2); @, B,y)inm €Ny ={0,12,... 1,4, 2 4, 20,120, 0<

a<10<pB<1,and0 <y < 1ifandonly if there exists g € A ,g(z) # 0 such that:

az?(IM(A1, A2 1) f(2)) z(zm(zl,az,z,n)f(z))’)
ke ( 9@ + 9@ > B (32)
9(2)*@(2)
Re (g(z)*w(z)) > y,for zeU (3.3)

for some ¢(z) and Y (z), both are analytic in U such that g(z) = y(z) # 0,
Wi, dk > (0 and W > dk,k = 2.
We use the generalized derivative operator in this work as defined in Definition 2.1.1.

3.2 Problem with Fekete-Szego Inequality.
Lemma 3.2.1
Let h be analytic in U with Re h(z) > 0 and be given by h(z) = 1 + ¢,z + c,z% +

c3z3 + -+, for z € U, then,

2
lc,| < 2,wheren>1, |cz —%1

<2- % (Pommerenke, 1975)  (3.4)

Lemma 3.2.2
Let g € S*, the starlike function with g(z) = z + b,z? + b3z3 + --- .Then for u real,
|by — ub3| < max{1,|3 — 4ul}. (3.5)
(Keogh & Merkes, 1969)

The first result for the class is as follows.
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Theorem 3.2.1
Let the function f given by (1.1) belong to the class Aﬁ};ﬁz’l(cp(z),w(z); a,,y) and

0<a<1.Then,

(wy —dx)(1—B)+1—y

(a+ 1Ala,| <

WZ - dz ’ (3 6)
4(1—y)? 41-y)A-p) 21-y) '
3(2a + 1)Blas| < + +2(1-p)
3 (w3 — d3)(w, — dy) wy —d, w3 — dj g )
Where
A= A+, +D)™ 1 c(n,2), B = 1+A,(2)+p™m1 =c(n,3).

T (@4DMmL(144,)™m A+D)M=1(1+1,(2))

Proof

From the definition, we have
9@ *(2) = (D1 ~-y) +)(g(2) * P(2)). 3.7)

For any z € U, with Rep(z) > 0 given by p(2) = 1 + p1z + p,z% + p3z3 + -, where
P1, P2, D3, € C.
From (3.7), we have
Z + byw,z% + byw3z3 + - = (2 + bydyz% + bydzz® + ) + (p1 (1 —y)z% +
P1(1 = y)bdyz° + ) + (p,(1 = ¥)Z° + po(1 = y)bpdyz* + ). (3.8)
Now, equating coefficients, we get

by(w; —dy) =p1(1—y), (3.9)

b3 (w3 — d3) = badyps (1 —y) +p2(1—v). (3.10)
And also follows from (3.2) that
az?(I™ (A, A, L)F(2)) + 2(I™ (A1, Ay, L) (@) = 9@ (@)1 - B) +
B), (3.11)
where Reh(z) > 0,and writing h(z) = 1 + ¢,z + ¢,z% + c3z3 + -+, where

Cl’ C2, C3, e € (C, and now
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2aAa,z* + 6aBasz® + -+ z + 2Aa,z% + 3Bazz® + - = (z+ (1 — B)z* +

(1=PR)z3+ )+ bz + c;(1 = B)byz3 + ) + (b3z3 + ¢, (1 — B)byz* +

N
and equating coefficients give
2(a + 1)Aayz? = ¢;(1 — B)z? + b,z*
3(2a + 1)Basz® = (1 — B)(c, + bycy)z3 + by2z3,
from equation (3.13), (3.14) we obtain
2(a+1Aa, =c;(1—-pB) + b,
3(2a + 1)Ba; = (1 — B)(cy + bycy) + bs,

from equation (3.15 ) we find a3,

_ c1(1—-p) b,
A =St T 2@+ D
We get:
_ c1(1—-p) b, 2 _ ¢1(1—-p) b, :
=@+ DA 2@+ DA 2T <2(a: T DA 2(a + 1)A> '

The result follows applying inequalities:

Ip1l < 2,1p2| £2,|c1] £ 2,]c,| < 2,and from (3.9), (3.10) we get

2(1-y) 2(1-y) 4(1-y)?%d, 2(1-y)
= —_— < =
by = Garmay = b2l S gy and bs = s o t weas
4(1 —vy)3d 2(1 —
S by < (1-y)d, 1-y)

< + .
(w3 —d3)(wy, —d;) w3 —ds

From (3.15) we obtain

(a + 1)Aaq, =@+%
_20-p) 20—y
B 2 2(wy, — dy)

(wy—dx)(1— B)+1—y
wy, —d, '

o (a+ DAlay| <
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From (3.16) we obtain

— _ 2 _
3(2a+1)Blas| <2(1-p) +2(1 —ﬁ)( 2(1-y) )+ 409y | 20-7)

2(w,—d3) (wz—d3)(wy—dy)  ws3—ds’
4(1-p)(1-y) 4(1-y)?%d, 2(1-y)
< —
3(2a + 1)Blaz| < 2(1—-pB) + pr— + TR T S —

. . A1,42,1
Now we display the main result for the class A *" ((2), ¥ (2); a, B, ).

Theorem 3.2.2
Let the function f be given by (1.1) and belong to the class Aﬁ},’,’}z‘l(w(z),lp(z); a,B,v).

Then

3(2a + 1)Blas — na?|

W-pidy 4= DA=p) 20-D) o 3@ DB -y + (L= p)ws = d)”
(w3 — d3)(w, — dy) wy —dy 3 —ds (a + 1)?(w, — dy)?A?
4(1-y)%d, 4(1-y)? 21-y) 4(a + 1)2(1 — y)?A? .
) W den -y Gnd? T —d TP T P Y 3@at DGw, — s S SHEH
N 4(1—vy)3d, 20-y)? 20-y) .
(w3 — d3)(wy — dy) B (wy—dy)? w3 —d; T2a-A U omsusi,
___Miopid,  41-pA-p) 20-p9) 0 3Qat DB(-y+ A= P, —dy)’
(w3 —d3)(wy, — dy) wy —d; w3 — ds (a + 1)?(w, — dy)?A?
Where
Uy = (1 —7v)
1y + A -Bw, —dy)’
_ 2(a+1)2A2
M =302a+ DB’
_ _ Holwr—dy)? ( 4(1-y)dy 2 20-p) , 2-p) _ _(1-y) )
Ha 1-y+(1-B)(wz—dy) \(w3—d3)(wy—d,) w3—ds3 (1-y) (wy—dy)  (wp—dy)?)’
Proof
3(2a + 1)B(a; — na?) = 3(2a + 1)Ba; — 3(2a + 1)Buas . (3.17)
_¢1(1-p) b, 2 _ (c1(1-B) b, 2
From (3.15) we get, a; = 2(@+1A | 2(a+DA =a; = (2(a+1)A 2(a+1)A) ’

from (3.16) and the value a2 substituting by together in (3.17),

3(2a + 1)B(as — pad) = (1 B)(c + bye) + by — 32 + DBy (F2=br 4

b, )2
2(a+1)A
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3(2a + 1)B(a; — pa3)

=1 =B+ A = B)bycy

c?(1=B)*  cb,(1—-P) bzz
Ha+ D?AZ  2(a+ D?AZ " A(a+ 1)2A2>

+b;—3(Q2a + 1)B,u<

3(2a+1)Buc,%2(1-)? _
4(a+1)2A2

3(2a + 1)B(az — Hag) = =B+ (1 = B)bycy + by—

3(2a+1)Bucib(1-B)  3(2a+1)Bub,?

2(a+1)2A2 4(a+1)2A2
3(2a+1)Bub,?
3(2a + 1)B(as — paj) = by — 222 + (1= B)e; + bpey (1 - ) (1 -
3(2a+1)Bu 204 _ o2 (2(@+1)?A’-32a+1)Bu 1
2(a+1)2A2 ) ! (1 ﬁ) ( 4(a+1)2A2 2)' (3'18)

From (3.18), we have,

3(2a+1)Bub2

3(2a + 1)Blaz — pa3| < |b3  4(a+1)2A?

+ | = Bre, — 521 - py?| +

lcq|2(1-pB)?
4(a+1)2A2

[b2]1(1—B)cq|

272
|12(a + 1)°A* — 3(2a + 1)uB| + ETRIIY

12(a + 1)?A? = 3Qa +

1)uB|. (3.19)

Now, consider the first case for all

2(a+1)2A2 —3Q2a+ DB =0 = - u < 2a+ 1)°A°
* @ UHE = " H=30a+r DB
Note that
22 _ _ 3(a+DubiB
2(a +1)°A* —3Q2a+ 1)uB > 0and by Har1)7A2 > (0, from Lemma 3.2.1
CZ 1— 2 C 2 1— 2
-y SAZBY| gy a2
2 2
and inequalities
2(1—vy)
|b2| S )
(wy —dy)

and
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4(1 —y)?d, 2(1-y)

|b3| S( d )
wy —d3)(w, —dy) w3 —ds

Substituting |b,|, |b3| in (3.19)

3(2a + 1)Bla; — pa3|

. A-7rtd, 21-y) #H3Qa+ DA -y)*uB

T (w3 —d3)(w, —dy)  ws—dy  4(a+ 1)2(wy — dy)?A2
201 _ P2

r20-p PO

20 =Yl -p)
2(w, — dy)(a + 1)2A2

[2(a + 1)2A% — 3(2a + 1)uB]

lea[*(1-p)?

FETENTY [2(a + 1)2A% — 3(2a + 1)uB]

2 4(1-y)%d, 21-y) _ 3Qa+1)(1-y)*uB oy

3(2a + 1Blag — paz| < (w3—d3)(wz—dz) ~ ws—dz (a+1)?(wz—d3)?A? 20 -5

leaP(1-p)? | 2(1-Pleil-p2(a+D?A?  2(1-p)lcs|(1-p)3(a+DuB | 2|c;|*(1-p)*(a+1)?A%
2 2(w2—d2)(0(+1)2A2 2(w2—d2)(a+1)2A2 4(a+1)2A2

lc11?2(1-B)?3(2a+1)uB
4(a+1)2A2

—)2 — _)2
4(1-y)?d, n 2(1 31/) +2(1-B) — 3(2a+1)(1-y)*uB
—u3

3—d3)(wy—dy) w3 (a+1)2(wop—d3)2A2

3(2a + 1)Blaz — na3| < o

32a+Dule>?(A-F)*B | 2(1-p)lc1|A-p)(a+1)?A?  3(a+1)(1-y)(1-A)lcs|uB
4((X+1)2A2 Z(WZ—dz)((X+1)2A2 (wz—dz)(a’+1)2A2

—1)2 _ _1)2
4(1-y)*d, + 2(1-y) +2(1-B) — 3(2a+1)(1-y)*Bu

_ 2
3Qa + DBlas — paz| < -~ St e (@+ 12 (wz—dz)2A?

3Qa+Dulci*(1-p)*B | (1-p)(1-p)(2(a+1)*A%-3(2a+1)uB)|c|

4(a+1)2A? (wy—dy)(a+1)2A2 ’ (3.20)
=0Q(x);x =|cql.
We defined x
0(x) = x2 — 4(1-y)(2(a+1)*A*-3(2a+1)uB) 16(1-7)2(a+1)2A%d, 3
32a+1)u(1-p)(wz—dz)B 3(w3—d3)(wz—dz)(2a+1)(1-B)?uB
8(1-y)(a+1)*A? 8(a+1)2A2 4(1-y)?

3(ws—d3)(2a+1)(1-B)2uB  3a+1)(1-PuB  (wp—dz)2(1-B)?

After doing some operations, we get
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_2(1-y)2(a + 1)?A% - 32a + 1)uB)
~ 3QRa+ D(w, —dy)(1—p)uB

Now, substituting in (3.20)

4(1-y)*d, 2(1-y) oy 3Qa+Du(-y)’B
3—d3)(w2—d2) ’Mfg—dg + 2(1 ﬁ) (a+1)2(w2—d2)2A2

3(2a + 1)Blaz — ua3| < "

2
2 2(1—y)(2(a+1)2A2—3(2a+1),uB))
BRa+Du-4) B( 3GarD(wz-dz) A-F)uB

4(a+1)2A2 T

_ _ 272 2(1-y)(2(a+1)2A2-3(2a+1)uB)
(1-9)(1-B)( 2(a+1)?A2-3(2a+1uB) (X5 LEEET 2 e )

(Wz —dz)(a+1)2A2

2 4(1-y)%d, 2(1-y) _ oy _ 3@a+1)(a-y)?uB
3(2a + 1Blag — paz| < (w3—d3)(wz—dz)  ws—d3 +2(1=5) (a+1)2(wp—dz)2A2
4(1-9)2(2(a+1)2A2-32a+1uB)’  2(1-y)?(2(a+1)2A2-3(2a+1)uB)’
(4)3Q2a+1)(wy—dy)%(a+1)2A2uB 32a+1)(wy—dy)%(a+1)2A2uB

4(1-y)*d, 2(1-y) +2(1-B) - 3(2a+1)(1-y)?*uB

3—dz)(w,—d3) + w3—d3 (a+1)2(wrp—d3)?2 A2

3(2a + 1)Blas — pa3| < " +

(1-y)?(2(a+1)?A%-3(2a+1)uB)’
3a+1)(wy—dy)%(a+1)2A%ZuB

2 4(1-y)%d, 2(1-y) _ py _ 3@a+1)(1-y)*uB
3Qa+ DBlas — pazl < o =i T wemds T 20 TP T i, mayea
(1-v)? (4(a+1)*A*-12(a+1)?(2a+1)A?uB+9(2a+1)?u?B?)

3a+1)(w,—dy)%(a+1)2A2uB

2 4(1-y)%d, 2(1-y) _ oy _ 3@a+1)(A-y)*uB
3Q2a + D)Blas —paz| < Zr=ntr =5t wamas T2~ B~ gy
4(1-y)?(a+1)%A2 _ 4(1-y)? 3(2a+1)(1-y)?uB
3a+1)(wy—dz)?uB  (wy—dy)? (a+1)%(wp—d3)?A?

4(1-y)%d, 2(1-y) _ 4(1-y)?(a+1)?A%
3—d3)(wz—d3) + w3—ds 2=+ 32a+1)(w,—d3)?uB

3(2a + 1)Blas — pa?| < "

—)2
A0y (3.21)

(wa—dy)?’
Now [x] < 2 we get the interval

2(1 - y)(2(a + 1)?A — 3(2a + DuB) _
32a + 1) (w, —dy)(1 — B)uB B

4(1 —y)(a + 1)2A2
S U,
6(2a + 1)B((1 —y)+ (wy —dy)(1 - ﬁ))
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then

2(1 - y)(a + 1)2A2

<y (3.22)
32a+ 1DB((1—y) + (w; — d)(1 - B))
hence result (3.21) concludes for the case
2(1—y)(a+1)2A% 2(a+1)%A%
32at DB+ ) 1-B) = * = 3@arDB
Second, consider the case u < u,
2(1 —y)(a + 1)%A?
K= po = )
32a+ DB((1—y) + (w, — dr)(1 - B))
Write :
az — Ha3 = az — [oaj + oG5 — paj
las — paj| < las — poaz| + luo — ullajl, (3.23)
From Theorem 3.2.1, we obtain:
1- 1-—- wy —dy) (1 — + (1 -
| < 1-p) N 1-y) =>|a2|s( , —dx)(1— B)+( V), 3.24)
(a+ 1A (wy,—dy)(a+ 1A (wy, —dy)(a+ 1A

From (3.23), substituting |a; — pa3|,

Then, we get

3(2a + 1)Blas — na3| < 3Q2a + 1)Blas — uga3| + 3(2a + 1)B|uy —
ullasl, (3.25)

From (3.23) substituting |a; — na3|, and from (3.21) substituting

3(2a + 1)Blas — pya?|, and from (3.24) substituting |a3|,and, we have

2(1 —y)(a + 1)%A? B
3(2a + DB((1 =) + (w, — dx)(1 - B))

|#o—#|=‘ H‘

2(1 —y)(a + 1)2A?
3a+1)((1 —y) + (wy, —dy)(1—B))B

|.U0_li|=‘

_3Qa+D(A-p) + (wy —dy)(A - l)’))IJB‘
3Ra+D((1—vy) + (wy, —d)(1—B))B
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because Positive 0 S a <1<, 0<<1,0<5y <1<, w, =d,,

| = 2(1-y)(a+1)?A%-3(2a+1)((1-y)+(w—d2)(1-B))uB

3(2a+1)((1_7)+(w2—dz)(l—ﬁ))B (326)

o — 1

Now substituting in (3.25), we get

—)2 _ —)2
4(1-y)°d, 2(1-y) +2(1-p) - 4(1-y)

3—d3)(wy—dy;)  wsz—d3 (wp—d3)?

3(2a + 1)Blag — ua3| < "

4(a+1)%2(1-y)%A%
3(20{+1)(w2—d2)2uB

+3Qa +

1)B (2(1—y)(a+1)2A2—3(2a+1)((1—y)+(w2—d;)(l—ﬁ))uB) ((wZ—dz)(l— B)+(1—y))2
32a+1)((1-y)+(w,y—d2)(1-p))B (wp—dz)(a+1A ’

—_v)2 _
3(2a + 1)Blas — pa2| < (w““ dy 4200 4 51— B) +

3—d3)(w,—dy)  wsz—d3

4(a+1)%(1-y)*A? (3(2a+1)B((1—y)+(w2—dz)(1—ﬁ)))_ 4(1-y)?
3(2a+1)(w2—d2)2B 2(1—y)(a+1)2A2 (WZ—dz)z

2(1-y)(@+1)?A%2-32a+1)((1-y)+(w,—d,)(1-B))uB _ _ _
( (wop—dy)?(a+1)2A2 ) ((’Wz dz)(l ﬁ) + (1 V)),

3(2a + 1)Blas — pa3|

4(1—-y)%d, 2(1-7y)
T (w3 —d3)(wy, —dy) w3 —d; t20-5)

L20-p(wz—d)A - p+A-y) 40—y
(w, —d3)? (wy — dy)?

N 21 —y)(a+ 1D2A%((1 —y) + (w, —dr)(1 = B))
(wy — dy)?(a + 1)2A2

3Qa+ DuB((1 =) + (wy = dy)(1 = B)°
(w, — dp)?(a + 1)%A? ’
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4(1 —vy)%d 2(1—
3(2a + 1)Blaz — pas <| o _(d3)8r2 i %) + /1,153 — 2 +2(1-p)

L20-p(wz—d)A - p+A-y) 4d-p)?
(wy — d3)? (wy — d3)?

n 2(1- V)((l —y) + (wy, —dy)(1 - ,3))
(wy —dy)?

3Qa+ DuB((1 =) + (w; = dy)(1 = B))°
(w, — dy)*(a + 1)2A% ’

3(2a + 1)Blas — pa3|

4(1-y)?%d, 2(1-vy)
= (w3 —d3)(w, —dy) +/W3 —ds t2A-p

2(1 —y)?
(w, — dy)?

20 -Pwz —d)A - p) 40 -y)* 20 -y)*
(wy — d3)? (wy —dy)*  (wy —dy)?

N 2(1 —y)(wy —dy)(1—B)
(wy — dy)?

3Qa+ DuB((1 =) + (wy = dy)(1 = B)°
(w, — dp)?(a + 1)%A? ’

3(2a + 1)Blas — pa3|

4(1 - y)*d, 2(1—-vy) 41-y)A-p)
" (w3 —d3)(w, —dy) ’W3—d3+2(1_'8)+ (wy, — dy)
32a + DuB((1 - y) + (wr, — dy)(1 — B))°
} (s — dp)2(a + 12A? ' (527
Consider
_ 2(a+1)%A? (3.28)

K=l =304+ DB’

substituting in (3.21), we get
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3(2a + 1)Blas — pas|

4(1—y)*d, 2(1—)/)+2(1_B)_ 4(1-y)?
T (w3 —d3)(wy, —d,) w3 —ds (w, — dy)?
(3)4(a+ 1)%2(1 —y)?A%? 2a + 1)B
(2)32a + 1)(w, — d;)?B (a + 1)?A2
3(2a + 1)Blas — pas|
4(1—y)%d, 2(1_)/)+2(1—ﬁ)+ 21 -y)?
T (w3 —d3)(wy —d;) w3 —d3 (wy — dy)?
4(1—y)?
(wy —dy)?
2 4(1-y)?d, 2(1 y) _
3(2a + 1)Blas — pua?| < P T— N 2(1-p)
2(1-y)?
Cwnd ) (3.29)
Now case u, < u,
— pas = az — ppaj + ppas — pas = az — ppas + (up — pas (3.30)
la, ((1 ﬁ)(wz_d2)+(1_)/))
(wy — dy)*(a + 1)2A2 '
Defined condition u, < u,
4(1-y)?d, 2(1 y) 2(1-y)? 4(1-y)?d, 2(1-y)
— < — — —
(w3—d3)(wo—d3) + 2(1 ﬁ) (wz—dz)? =  (w3—d3)(wz—-dz) ws—d3

oy 41-p)-B) | 3Qa+DuB(A-p)+(w-d)(1-p))°
2(1 'B) (wy—d3) + (wo—d3)?(a+1)2A? ’

we put u in the right tip:

8(1 —y)%d, 4(1-y) 2(1-y)?
(w3 —d3)(w, —dy) w3 —ds T =p) - (wry — d3)?

N 41-y)A-p)
(w — dy)

_ 3Q@a+ DuB((1—y) + (w; —dp) (1 - B’
(wy — dy)?(a + 1)2A2 ’
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we divide all terms by a coefficient, we get

8(1 - V)Z(wz - dz)z(a + 1)2A2d2
3(2a + 1) (w, — dy) (w3 — d3)B((1 — ) + (w, — dy)(1 - B))°

4(1 —y)(wy — dg)*(a + 1)?A?

+
3(2a + 1) (w; — d3)B((1 — ) + (wr, — dp)(1 - B))°

4(1 - B)(wy — dy)?*(a + 1)2A%
3(2a + 1)B((1 - y) + (w, — dp)(1 - B))’

B 2(1 — 7)2(wry — dp)2(a + 1)2A2
3(2a + 1) (w, — dp)?B((1 — ) + (w, — dy)(1 — )’

4(1 - y)(1 = B)(wy — dz)*(a + 1)*A? <u
3(2a + 1) (wy, — d)B((1 — ) + (wy — dy)(1 — ﬁ))z -

8(1 - Y)Z(wz - dz)(“ + 1)2A2d2
3(2a + 1) (w3 — d3)B((1 — ¥) + (w, — dp)(1 - B))’

4(1 — ) (wy — d)*(a + 1)?A?

+
3(2a + 1) (w3 — dz)B((1 — ¥) + (w, — dp)(1 — B))’

4(1 — B) (wry — d3)?(a + 1)2A
3(2a + 1)B((1 - y) + (w, — dp)(1 — B))"

~ 2(1 —y)2(a + 1)2A2
32a + 1)B((1 - y) + (w, — dp)(1 - B))’

=0 =Py = d) @+ PN
32a + 1)B((1—y) + (wy —dp)(1 - )"

Now substituting in this inequality
3(2a + 1)Blaz — paj| < 32a + 1)Blag — upa3| + 32a + 1)B|u, — ulla,|?,

From (3.28) and we multiply this |u, — u| by the negative
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—v)2 — )2

3—d3)(w,—d3) w3—d3 (wp—d3)?

— 2 — 2A2
3(2a+1)(w3—d3)B((1-y)+(w2—d)(1-B))
4(1-y)(wy—dz)? (a+1)?A? __ 4(-B)(wy—dy)? (a+1)?A?

32a+1)(ws—d3)B((1-y)+(wa—dz)(1-B))°  3Q2a+1B((1-y)+(wo—dy)(1-))

2(1-y)?(a+1)?A? __40-nU-p)(w,—dy)(a+1)?A?
32a+DB((A-P)+w;—d2)(1-B))°  3Qa+1)B((1-y)+(wy—dz)(1-F))°

u) (((1—3)(w2—d2)+<1—y))2)

(wo—d3)?(a+1)2A?

we get

3(2a + 1)Blas — pa3|

4(1—-y)?d, 2(1-y) 2(1 —y)?
S(’M'V3—d3)(’wz—dz) w3—d3+2(1_ﬁ)_(w2—d2)2

8(1—y)%d, 4(1-v) 41-y)A-p)
TG — D, —d) wa—dy TR T T

201 —y)* | 32a+1B((1 - B)(wy —da) + (1 - )’
(w, —dy)? (wy —dy)?(a + 1)2A? '

then

3(2a + 1)Blas — pa3|

4(1—v)%d, 2(1-vy) 41 -y)A-p)
__(w3—d3)(w2—d2)_w3—d3_2(1_ﬁ)_ (wy —dy)
2
+3(2a+1)MB((1—B)(w2—dz)+(1—V)) . (3.31)

(w; — dp)*(a + 1)?A%

Corollary 3.2.1
Let f given by (1.1) be in the class Aﬁ},‘,’}z‘lﬁp(z),t/)(z); a,B,y) where A, =0,

m = 1,n = 0.Then. We get,

55



3Q2a + 1)]az — paj|

4(1-p)2d,  4(1-p)A-p) 2(1-y) 2u(1—y + A =Bk, —dy))"
+ 2(1 — - < )
(ks — ds) (ky — dy) ey — d o—a, T2 11 (ky — dy)? Y= bo
4(1 —y)?d, 4(1-y)* 2(1-vy) 2u,(1 —y)* |
- + +20- P +———— <u <,
] (ks =)y ) U T ky—dy T 2T P ¥ G gy THo ==t
- 4(1 —vy)%d, 20-y)* 2(1-vy) .
- +2(1 - <u<u,
U —d)(ky ) Gdg)? T Ty =y T2AT R msusi
4(1-y)2d,  40-p)A-p) 2(1-7y) (1 =y + (A =B, — dp))*
- - - -2(1- B+ <u,
(ks — d3)(k, — dp) ky —d, ks —d; ( 2 uy (ke — dy)? Y <u
where
Uy = #1(1 - V)
"T1-y+ (A -k —dy)’
_ 2(a+1)?
M=30a+1)"
_ _ Holkp=dy)? ( 4(1-y)%d, 2 20-p) | 2a=p) _ _(1-p) )
Ha 1-y+(1-B)(ky—d;) \(k3—d3)(ky—d;)  kz—d3 (1-y) (ky—dy)  (ky—d3)?)’

These results are based on the reference.(Alharayzeh & Darus, 2022)
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Chapter Four
Certain Subclasses of Bi-Univalent Functions Related to

Generalized Derivative Operator
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4.1 Introduction.
(Lewin, 1967) investigated the bi-univalent function class X and showed that

la,| < 1.51. Later(Brannan & Clunie, 1980) Conjectured that

la,| < /2. Subsequently,(Netanyahu, 1969) on the other hand, showed that I]Iclé:lg(|a2| = g.

To explore various interesting examples of functions in the class Z, refer to the pioneering
work on this subject by Srivastava et al (Srivastava et al., 2010) .(Taha & BRANNAN,
1986) introduced certain subclasses of the bi-univalent function class %, similar to the
familiar subclasses S*(B) and C(B) of univalent function S. The classes Sy (£) and Cx(8)
of bi-starlike functions of order # and bi-convex functions of order .

However, The general coefficient estimate bounds on |a, | (n € {4,5,6, ...})for a function
f € X defined by (1.1) remain an unsolved problem. (Motamednezhad et al., 2022) The
determination of estimates for the Tayler-Maclaurin coefficients a,is an important
concern problem in geometric function theory as it provides information a bout the
geometric properties of these functions. Motivated by the aforementioned works and
making use of the generalized derivative operator, we investigate two subclasses of
analytic and bi-univalent functions using the techniques employed by (Frasin & Aouf,
2011; Sabir, 2024; Srivastava et al., 2010). The obtained results improve and generalize
some recent works and rectify remarkable mistakes in existing coefficient estimates.

We denote by S the subclass of A consisting of functions that are univalent in U. For

example, the Koebe functionisin S,

K(z) =—— = Yo . kz¥, (ze€U).

(1-2)?
It is well known that the image of U under every function f € S contains a disk of radius i.

Therefore, every function f € S has an inverse f~!such that

fFif@)=2  (zeU)
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and

1
f(f_l(w)) = w (|W| <r()r(f) = Z)

The inverse function g = 1 has the form
gw) = f 1 (w) =w — ayw? + (2a3 — az)w3 — . (4.1)
The family of all bi-univalent functions in unit disk given by (1.1) is denoted by X.
(Brannan & Taha, 1988) introduced some bi-univalent function class X subclasses that
are similar to the famous subclasses S*(f) and C() of starlike and convex functions of
order B (0 < B <1), respectively. Thus, a function f(z) € X is in the class Sy, (8) of bi-
starlike functions of order g if both f and f~! are starlike functions of order p
(0 < B < 1), orinto the class C5 () of bi-convex functions of order g if both f and f~1
are convex functions of order 8 (o < S < 1). Moreover, a function f(z) € A is bi-
starlike functions of order 8, denoted by the class Sy (B), if it satisfies each of the

following conditions:

|arg(%)|<% (0 <p< 1,zel)and |arg(%)|<% (0 <p< 1,

w € U), where g is the extension of f~1(z) to U.(Sabir, 2024)
This chapter aims to find the coefficients estimate |a,| and |as| for functions in two new
subclasses of the function f(z) € X.

To conclude the results, we need Lemma 1.4.3.1 to prove the theorems.

4.2 Coefficient Bounds for Functions in the Class Lz (1, w, m, ax).

Let C(z) be any complex-valued function and function p € P given by Definition 1.4.3.1

such that
aT
larg(C(@)| = alarg(p(2)] < =~
If larg(C(2))] < “7” we can express the function €(z) in terms of p and «a as follows:
C(z) = [P(2)]%,0 < a < 1.(Sabir, 2024)
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Definition 4.2.1
Let(n > 0,w € C\{0},m € Ny, and 0 < a < 1).We say that a function f (z) given by

(1.1) is in the class Ls(n, w, m, a) if the following conditions are satisfied:

| arg (1 + % [(1 _m) 2(I" Ay Az L )f (2) + (M A1zl f @) +2(IM s A ln)f (@)

M (A1,2,L0)f (2) (1M Ay A2 L) f ()
1])| <= z€U, (4.2)
and
org (1 (1 - s g (bt e imaten)
1])| <T weU (4.3)

where the function g = f~1 is defined by (4.1).

Marks:

A+, ()+D™ T (n+2)(n+1)

A= (1+2,+)™1
(1+l)m—1(1+/12(2))m 2

T (A4DML(144,)™m

(n+1) ,B=

Theorem 4.2.1
Let f € Lz (n, w,m, @) be given by (1.1). Then

laz| < \/|2aw(2(1+2n)B—(1iZ|1(;;L2)—(a—l)(1+r/)2A2| ! (4.4)
and
las] < (iijyl)c;; (12(:)'3 ' ()
Proof
From the Definition 4.2.1 we get
1+ - )Z(Im(ll,lz,l,n)f(z)), (Im(/ll,/lz,l,n)f(z))’+z(1m(/11,/1,2,l,n)f(z))” _

® I™M(A4,22,L0)f (2) (1M, 22,L0)f(2))
[h(2)]%, (4.6)
and
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w(]m(ll,lz,l,n)g(w)), (Im(/ll,/lz,z,n)g(w))'+w(1m(zl,az,l,n)g(w))” _ 1] —

1
1+—[1- ’
+5]A-m IM(A1,22,Ln)g (w) (1M Q142 L) g (w))

[q(w)]%, (4.7)

where h, g € P have the formula as follows

h(z) =1+ hyz + hyz? + hyz® + -+, (4.8)
and
qiw) =1+ qw + quw? + qzw3+ -, (4.9)
then

(@) = B () 197 (Bt bz

[h(@1% = () 1%+ (1) 197 By hnz™ + (5) 1972 (T hnz™? +

(3) 1973 By hnz™? +

(@))% = () 19+ (7) 197 (az + hoz? + hyz® + ) + () 1972 (h322 +

hihyz3 + -+ Ryhyz® + ) + -

a(a 1) a(a 1)

[h(2)]* = 1+ ahyz + ahyz? + ahgz® + -+ + ——hiz? + hih,z3 + - +
a(a-1) h1h223 a(a-1)(a-2) hi), 3 +a(a 1)(a 2) h2h2

31
[h(2)]* = 1+ ahyz + [ah, + 5202 22 + [ahy + 252 hh, +

ala-1)(a-2) ;3] 3
— hl]z +

[h(2)]* = 1+ ahyz + [ah, + 52| 22 + [ahs + ala — Dhyh, +

a(a—z)!(a—Z) h%] 23 + . (410)

and

[q(un]® = 220 (1) 197 (B g™

[ = () 1%+ (7) 197 Zits quoo™ + (5) 1972 (B g™ +
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(3) 12 Ers quar™? +

1) 2 2a(a-1)

[q(u)]* =1+ aquw + [“‘h ]’W + [aq3 419> +
al(a-1)(a-2) 3
—3I ]w + -

1)2

[q(w)]® =1+ aqw + [“‘h ]’W + [a‘h +ala —1)q,q; +

al(a-1)(a-2) 3
31

gi|w? +- (4.11)

when substituting in the class we get

1 2(IM G A L) @)’ ( z(lmczl,zz,z.n)ﬂz))”) ]
1421 - 1 s
+w[( M i@ (™A 22, L)f (2)) ¥

% [1-n+ 1 —-nAayz+ (1 —1n)(2Ba; — A%a3) z? + -+ n+ 2nA a,z +
n(6Ba; — 4A%a3) z% + --- — 1]

1 z(Im(ll,lz,l.n)f(Z))’ ( Z(Im()q,lz,l.n)f(z))”) ]
1421 - 1 i
+ w [( r’) Im(ﬂ-llA-ZIIJn)f(z) + n + (Im(/’llv/’lZ!lln)f(z)) +

(1+n)

Aa,z +[2(1+2n)B

(1+3n)
a; - LA aF| 22 e (4.12)
Now, we defined the inverse
(A, Ay, Ln)g(w) = w — Aayw? + B(2a3 — az)w?3 — -

After performing some operations, we obtain:

1+ l (1 - )Z(Im(ll’lz'l'n)g(w)), ((Im(/ll,/lz,l,n)g(w))’+z(1m(11,12,l,n)g(w))”) _ 1] —
w IM(A4,A5,L,n)g(w) (Im(h,lz,l,n)g(ur))'
1+2[1 -7 - (1 - nAaw + (1 - 1)(2B(2a3 — az) — A2a)w? + -+ 1 -

2nA a,w +n(6B(2a3 — a3) — 4A%a3)w? + - — 1]

)Z(Im(ll,lz,l,n)g(w)), ((Im(/ll,/lz,l,n)g(w))’+Z(1m(11,12,l,n)g(w))”) B 1] _

1
1 - 1 - 12
+ w ( Im(ll,lz,l,n)g(w) (Im(lblz,l,n)g(w))

1+ =[—(1 +mAaw + (4(1 + 2)Baj — 2(1 + 2n)Ba; — (1 + 3A? ad)w? +
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1 2(IM (A A L) g ()’ ((Im(al,/lz,z,n)g(w))'+z(1m(11,zz,l,n)g(w))”) ]
1+2|(1- ’ —1=
t [( m 1M (A4,22,L,n) g (w) (1M Qa22Lm) g (W)

2
1 (1+1) A, + [4(14;)211)13 a% _2(1+2m)B as — (1+3n)A a%] w2+ (4.13)

Coefficients equal to (4.10), (4.12)

(1+7m)
w

Aa, = ahy (4.14)

a(a—1)

AR g - D p203 = b, + X502, (4.15)
from (4.11), (4.13) we get

CLL P (4.16)
4(1:)217)8 a2 — 2(1-:0211)8 a5 — (1+21)A2 = aq, + a(o;!—1) 2 (4.17)
Clearly, from (4.14), (4.16) we have

hy = —q4, (4.18)

we square and addition (4.14), (4.16) together ,we get

2A2
2AE7A 02 = o2 (h? + q2), (4.19)

(1)2
we addition (4.15), (4.17) we get

4(1+21)B 2(1+3n)A? 1
1202 — =7 2 = ~q(a— 1)(K} + ¢3) + a(hy + q2), (4.20)

w w 2

from (4.19) substituting(h? + g2) in (4.20)

4(1+271)B 2(1+3n)A? 1 2(1+n)2A%
TR 0 - TR 02— a(a — 1) [ a3 | = alh, + q2),
now

4aw(1427)B 5 2aw(1+3n)A% 5,  (a—1)(1+1)2%A2
as — a; ——————

a% = a(h, + q3),

aw? aw? aw?

2 aw(4(1+ 2n)B — 2(1 + 3n)A?) — (a — 1)(1 + n)?A?

Y l = a(h; + q2)

’ azwz(hz + QZ)
92 = 50w + 2B — (1 + 37)A2%) — (@ — 1)(1 + 1)2A?’

(4.21)

from Lemma 1.4.3.1 for coefficients h, and g,on (4.21) imply that
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| < 2a|w|
“ 7 /l2Zaw@@ + 2B — (1 + 30)AD) — (@ — D(1 + 7)2A2|

Next, we exist |as|, by subtracting (4.17) from (4.15), we get

4(1+42n)B 4(14+2n)B 1
(a+2m) as — (1+2m) as = Ea(a —1)(h? — ¢?) + a(h, — qy), (4.22)

w w

from (4.19) we substituting a3 in (4.22) and we put h? = g2 from (4.18)

4(1+2n)B Qe — 4(1+21)B [azwz(h§+q§)]

w 3 w 2(1+m)2A2

= la(a — 1 (h2 — h?) + a(h, — qy),

2

_ d*w?(hi+q}) | aw(h—q2)
37 2(141m)2A2 4(1421)B

(4.23)

Now, applying Lemma 1.4.3.1 for coefficients hy, h,, g, and g, on (4.23) we get

< 4a?|w|? alw|
— (1+m)2A%2  (142n)B

las]

Corollary 4.2.1
If m=1,1, =0 .Let f given by (1.1) be in the class Ls(n, w, ¢, @). Then

las|

2a|w|

)

<
J|2aw((1 +2n)(+2)(E+1) — (143 + 1)2) — (¢ — D + 2 + 12|

and

| < 4a?|w)? N 2a|w]
T A4+ A4+2nE+2D(E+D]

These results are based on the reference.(Sabir, 2024)

4.3 Coefficient Bounds for the Functions in the Class L5 (n, w, m, ).

Let H (z) be any complex-valued function and function p € P given by Definition

1.4.3.1 such that

Re{H(2)} = p + (1 - PIRe{p(2)} > p.
If Re {H (z)} > B, we can express the function H (z) in terms of p and g as follows:

HEZ)=+1-Bp(z), 0 <pB < 1.(Sabir, 2024)
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Definition 4.3.1
Let(n = 0,w € C\ {0}, m € Nyand, 0 < B < 1). We say that a function f(z) given

by (1.1) is in the class L5 (n, w, m, B) if the following conditions are satisfied:

2(MAdzlm)f @) | (™A dpln)f @) +2(I™ e Az n)f (2) 1]} S
I"M(A1,22,1,0)f (2) (M1, 22, L0 f(2))

Re {1 +%[(1 —n)
B,z€eU, (4.24)
and

w(MAdalngw) | (MAnAzbn)g)) +w (M Qs Az ln)gw))
1"M(A1,22,1,0) g (w) (I (A1,22,10) g ()’

Re {1 +%[(1 .
1]} > B €U, (4.25)

where the function g = f~1 is defined by (4.1).

Theorem 4.3.1
Let f € L5(n, w,m, ) be given by (1.1). Then

— 272

J 2ol ___ 0<p<1- (1+7)2A :

|a2| < [2(1+27n)B—(1+3n)AZ| 2|w]|2(1+2n)B—(1+3n)AZ2|
2|w|(1-) _ (14+7)2A2
a+mAa 2|w]|2(1+21)B—(1+371)A2| =p<1
and
2|w|(1-B) lw|(1-p) 0<B<1- (1+7)2A?
| |< |2(1+21)B—(1+37n)AZ| (1+2m)B "’ - - 2|w]|2(1+2n)B—-(1+3n)A2|
B =V40Pa-p? | l0la-p) (1:+7)?A2
) 1-—- <p<Ll

(1+n)2A2 (1+2n)B 2|wl]|2(1+21n)B—(1+371)AZ|

Proof

From the definition we get

. z(lm()q,lz,l.n)f(z))’ (Im(ll‘lzjl,n)f(z))’+z(1m(/11,/12,l,7l)f(z))” ]
1+1|(1- ’ —HE
+ w ( ) 1M (A1,42,L,n)f (2) (Im()q,)tz,l,n)f(z)) ﬁ ¥
(1- B, (426)
and
1 w(™Adalng@w)’ (I A1, A2, Lm)g (@) +a (1M (g A5 L) g (w)” ] —
1 + w (1 n) lm(lplz,l,n)g(w) (Im(ll!AZ!l'n)g(w))l 1 B
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g+ 1-p)q(2),

where h,q € P.Then

B+(1—=Ph(z) =L+ 1 —=B)1+hz+hyz%+hyz®+ -]
=B+1-B+ 1 —Phz+ (1 —Phyz* + -

=14+ 1 —-PRhiz+ (1 = phyz* + -,

and

B+ 1A —-P)q@) =B+ A -1+ q1z+ qz* + q323 + -]
=B+1-B+ 1 =Pgiz+ (1 —-p)gz* + -

=1+ A= Barz+ (1= Bgz* + .

Now, equal coefficients (4.12) with (4.28) for h

(1+mA
wn a, =(1-pBh
21+2m)B (1+3n)AZ?

a3 ® a% = (1 - ﬁ)hz,

w

equal coefficients (4.13) with (4.29) for q

_ (1+n)A

» 2= A-Baq
4(1+2m)B 5 (1+3m)A2 _2(1+2m)B _ _
o a; > Q2 o az; = (1-p)qy,

From (4.30) and (4.32) we get

hi = —qy,
We square (4.30) and (4.32) then addition we get

2(1+1m)2A%
el = (1= B2 (e’ +ar?),

w2

we add (4.31) with (4.33) we get

[4(1+27])B _ 2(1+3n)A2
w

|a3 = -y + ),
from (4.35) we defined

2 = w?(1-p)%(h,%+q41?)
2 2(1+m)2A2  ’
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(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)



and from (4.36) we get

2 _ w(1-B)(h+q3)
2 7 4(1+2m)B-2(1+3n)A2’ (4.38)

the equations (4.37) and (4.38) together with applying Lemma 1.4.3.1 for the

coefficients hq, g4, h,, and g, we find that

Z_M:>| |<M

A rpar TS T a A

and

" 4w(1—p) 5 4ow(1—p)

= = =
2T+ 2B —2(1 + 3mAZ 2 T 2(2(1 + 21)B — (1 + 31)A?)

L 20(1-p)
%2 = 5+ 2B — (1 + 3n)A?

2lw|(1-p)
|a2| s \/|2(1+2n)B—(1+3n)A2I ’

respectively.

To determine the estimates on |as|, by subtracting (4.33) from (4.31), we get

4(1+2n)B 4(1+27n)B
) Qa — B .2

3 5=0-p)h; —q2)

w

— g2 4 ©U=B)(hz=a2)
as; = aj 2(i2mB (4.39)

Substituting the value of a3 from (4.37) into (4.39) we get

_ 0?-p*(h*+q:%) | 0(1-B)(h2—q2)
a3 = 2(1+n)2A2 4(1+2m)B (4.40)

Substituting the value of a2 from (4.38) into (4.39), we get

w1 =p)(hy +q,) + w(1—B)(h, —qz)
%= 41+ 2n)B — 2(1 + 3n)A? 4(1+2n)B

(4.41)

respectively.
Finally, applying Lemma 1.4.3.1 for the coefficients h,, h,, q;, and g, on equations

(4.40) and (4.41) together, we conclude that
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4|lw|2(1-B)? | lwl(1-p)

las| < (1+7)2A2 (1+2m)B’
and
] < 2lw|(1-8) lw|(1-5) -

~ |2(1+21n)B-(1+31)A2|  (1+2n)B’

Corollary 4.3.1
Ifm=1,1, =0 .Let f given by (1.1) be in the class L5 (1, w,n, B). Then

la,| <
— 2 2
2|w|(1-B) , 0<B<1- (1+n)*(n+1)
[(1+2n)(n+2)(n+1)—(14+37n)(n+1)2| 2|lwl|(1+2n)(n+2)(n+1)—(1+3n)(n+1)2|
— 2 2
2|w|(1-B) ’ 1 — (1+n)*(n+1) < ,3 <1
1+n)(n+1) 2|w||(1+2n)(n+2)(n+1)—(1+3n)(n+1)2|
and
las| <
2|lw|(1-p) 2|w|(1-p) 0<B<1- (1+m)?(n+1)*
[(1+2n)(n+2)(n+1)-(1+3n)(n+1)2|  (1+2n)(n+2)(n+1)’ - = 2|w]|(1+2n)(n+2)(n+1)—(1+37n)(n+1)2|
4|lw*(1-B)? 2|w|(1-p) 1— (1+m)?(n+1)* <p<1
A+n)2(m+1)2 ~ A+2n)(n+2)(n+1) ’ 2|lw||(1+2n)(n+2)(n+1)—(1+3n)(n+1)2| —

These results are based on the reference. (Sabir, 2024)
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Conclusion

In this study, we presented a generalized derivative operator for univalent and
normalized functions in the open unit disk, we discussed geometric properties, and we
studied the Fekete-Szego inequality on analytic univalent functions. It also introduced

two new subclasses of analytic and bi-univalent functions, resulting in estimates of

coefficient bounds.
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The Recommendations

The results will be extended to the function

f(z) =zP + z azk ;peN={123,..
k=1+p

within the unit disk.
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